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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 34 ]. This is test number [ 78 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed

Rubi % 100. ( 34) %0.(0)
Mathematica | % 94.12 (32 ) | % 5.88 (2)

Maple %14.71 (5) | %8529 (29)

Maxima % 20.59 (7) | %7941 (27)
Fricas % 23.53 (8) | % 76.47 (26)
Sympy %294 (1) | %97.06 (33)
Giac %294 (1) | %97.06 (33)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1.

antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

antiderivative contains a special function and the optimal an-

tiderivative does not.

antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 26.47 47.06 20.59 5.88
Maple 5.88 8.82 0. 85.29
Maxima 2.94 17.65 0. 79.41
Fricas 17.65 5.88 0. 76.47
Sympy 2.94 0. 0. 97.06
Giac 2.94 0. 0. 97.06




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.74 289.82 0.98 303.5 1.
Mathematica 17.7 6066.38 17.5 2223. 5.06
Maple 0.5 288. 21 341. 2.04
Maxima 1.69 964.43 3.39 875. 3.31
Fricas 1.77 1085.12 3.67 992.5 4.1
Sympy 1.77 189. 2.33 189. 2.33
Giac 1.17 103. 1.27 103. 1.27

1.4 list of integrals that has no closed form an-
tiderivative

(34}

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {5}6},8} (9,10, 1T} [12,[13} 14,15} [17}[22}[23}[24}[25} 26} [27, 28, [29} 30} B1}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.



from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[I}[2)[3} 4 5}G,7,/8 b} 110,11} [12}[13} 14} [L5}[16}[17} [L8} [19} [20} 21} [22} 23, 24} 25} 26} 27
[28,[29,30,31,[32,33,[34) }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: {[23,7}[16}[19}[20,[32}33,34}

B grade: {@,@}
C grade: {[1}]5}[8} 17, [18} 22} [24] }

F grade: { {4} [21]}

2.1.3 Maple

A grade: {}
B grade: {}
C grade: { }

gd{}@@
99,80, BT

2.1.4 Maxima

A grade: {
B grade: ([ BB BIED)
C grade: { }

F.g}rade: {867 /B B} L0V LT} L2 [T3) (14} 15116} 17, [21] [22 [23} 24} 25} 26 27} [28} [29) [30} BT} B3]

11
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21.5 FriCAS

A grade: (BB IE0E3E)
B grade: {[1}[18}
C grade: { }

r grace: (506 5110 1123 13 00515 23 23 23 20 25 2.5 29 60 1

21.6 Sympy

A grade: {}
B grade: { }
C grade: { }

F grade: {[1}[2, B} 4 56178} 9% (L0} 11} 12, [13} [14} [15} 16} {17 [18} 19} 20} 21} [22] [23| [24} 29} 26} [27)
[28,29,3031}33,34]}

2.1.7 Giac

A grade: {[32}
B grade: { }

C grade: { }

F grade: {[1}[2,3]4} 5][6} 78} O} L0} [L1} 12} 13} 14 [15} [16, 17,8} 19} 20} 21} 22} 23} 24} 25} 6 27
[28,[29}80}31} 33} 34]}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ————— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F B B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 384 384 899 0 1204 1982 0 0
normalized size | 1 1. 2.34 0. 3.14 5.16 0. 0.
time (sec) N/A 0.932 6.967 0.698  1.833  2.405 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 264 0 875 1199 0 0
normalized size | 1 1. 0.93 0. 3.07 4.21 . 0.
time (sec) N/A 0.719 3.611 0.688  1.726  2.005 0. 0.




13

Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 180 180 160 0 595 659 0 0
normalized size | 1 1. 0.89 0. 3.31 3.66 0. 0.
time (sec) N/A 0.57 0.801 0.675 1.63 1.794 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 123 123 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.293 180.002 0.735 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 202 202 13921 0 0 0 0 0
normalized size | 1 1. 68.92 0. 0. 0 0. 0
time (sec) N/A 0.586 26.147 0.679 0. 0 0. 0
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 207 207 619 0 0 0 0 0
normalized size | 1 1. 2.99 0. 0. 0 0. 0
time (sec) N/A 0.628 13.41 0.675 0. 0 0. 0
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 190 341 0 0 0 0
normalized size | 1 1. 1.14 2.04 0. 0 0. 0
time (sec) N/A 0.651 0.629 0.392 0. 0 0. 0
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 257 257 4861 0 0 0 0 0
normalized size | 1 1. 18.91 0. 0. 0 0. 0
time (sec) N/A 0.665 15.355 3.273 0. 0 0. 0
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 366 365 1873 0 0 0 0 0
normalized size | 1 1. 512 0. 0. 0. 0. 0.
time (sec) N/A 0.812 8.515 0.661 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-1) F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 392 392 7563 0 0 0 0 0
normalized size | 1 1. 19.29 0. 0. 0. 0. 0.
time (sec) N/A 0.992 57.076 1.423 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 385 384 4492 0 0 0 0 0
normalized size | 1 1. 11.67 0. 0. 0. 0. 0.
time (sec) N/A 0.974 18.312 0.675 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 375 374 1874 0 0 0 0 0
normalized size | 1 1. 5. 0. 0. 0. 0. 0.
time (sec) N/A 0.863 7.759 0.644 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 365 365 9652 0 0 0 0 0
normalized size | 1 1. 26.44 0. 0. 0. 0. 0.
time (sec) N/A 0.87 31.507 9.007 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 413 413 19675 0 0 0 0 0
normalized size | 1 1. 47.64 0. 0. 0. 0. 0.
time (sec) N/A 0.958 32.056 0.68 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 424 424 25117 0 0 0 0 0
normalized size | 1 1. 59.24 0. 0. 0. 0. 0.
time (sec) N/A 1.035 32.246 0.675 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 174 174 196 479 0 0 0 0
normalized size | 1 1. 1.13 2.75 0. 0. 0. 0.
time (sec) N/A 0.686 0.697 0.404 0. 0. 0. 0.
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 269 269 6226 0 0 0 0 0
normalized size | 1 1. 23.14 0. 0. 0. 0. 0.
time (sec) N/A 0.745 16.339 3.537 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F B B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 435 435 1029 0 1787 2410 0 0
normalized size | 1 1. 2.37 0. 411 5.54 0. 0.
time (sec) N/A 0.892 7.233 0.725  2.028  2.359 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 322 322 306 0 1283 1463 0 0
normalized size | 1 1. 0.95 0. 3.98 4.54 0. 0.
time (sec) N/A 0.711 5.137 0.715 1.861 2.061 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 177 0 869 786 0 0
normalized size | 1 1. 0.9 0. 441 3.99 0. 0.
time (sec) N/A 0.629 1.047 0.715 1.783 1.87 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 170 170 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.468 180.013 0.751 0. 0. 0. 0.
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 216 216 14053 0 0 0 0 0
normalized size | 1 1. 65.06 0. 0. 0. 0. 0.
time (sec) N/A 0.678 25.012 0.734 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 230 230 829 0 0 0 0 0
normalized size | 1 1. 3.6 0. 0. 0. 0. 0.
time (sec) N/A 0.697 16.384 0.739 0. 0. 0. 0.
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 232 232 1087 0 0 0 0 0
normalized size | 1 1. 4.69 0. 0. 0. 0. 0.
time (sec) N/A 0.72 21.883 1.345 0. 0. 0. 0.
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 383 381 2572 0 0 0 0 0
normalized size | 1 0.99 6.72 0. 0. 0. 0. 0.
time (sec) N/A 0.904 8.775 0.702 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-1) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 410 410 5193 0 0 0 0 0
normalized size | 1 1. 12.67 0. 0. 0. 0. 0.
time (sec) N/A 1.06 40.067 1.364 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 406 403 6591 0 0 0 0 0
normalized size | 1 0.99 16.23 0. 0. 0. 0. 0.
time (sec) N/A 1.034 9.748 0.727 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F(2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 396 393 2574 0 0 0 0 0
normalized size | 1 0.99 6.5 0. 0. 0. 0. 0.
time (sec) N/A 0.923 8.616 0.712 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 389 386 9783 0 0 0 0 0
normalized size | 1 0.99 25.15 0. 0. 0. 0. 0.
time (sec) N/A 0.928 34.532 0.748 0. 0. 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 433 433 31436 0 0 0 0 0
normalized size | 1 1. 72.6 0. 0. 0. 0. 0.
time (sec) N/A 1.09 33.483 9.074 0. 0. 0. 0.
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 451 451 20723 0 0 0 0 0
normalized size | 1 1. 45.95 0. 0. 0. 0. 0.
time (sec) N/A 1.163 33.608 0.73 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 113 92 104 138 182 189 103
normalized size | 1 1.4 1.14 1.28 1.7 2.25 233 1.27
time (sec) N/A 0.102 0.207 0.034 0954 1679 1.77 1173
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 117 97 516 0 0 0 0
normalized size | 1 1. 0.83 441 0. 0. 0. 0.
time (sec) N/A 0.219 0.749 1.063 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A F(-1) F(1)
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 47 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.118 48.448 0.619 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio

]

integrand size

the integral was to solve. In this test, problem number [10] had the largest ratio of [ 0.1707

is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized int d
# | grade steps unique antiderivative m egraim _number of rules
) leaf size integrand leaf size
used rules leaf size
1 A 5 4 1. 40 0.1
2 A 4 4 1. 40 0.1
3 A 4 3 1. 40 0.075
4 A 4 4 1. 40 0.1
5 A 5 5 1. 40 0.125
6 A 5 5 1. 40 0.125
Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand T
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

7 A 8 5 1. 42 0.119
3 A 6 6 1. 38 0.158
9 A 10 6 1. 37 0.162
10 A 8 7 1. 41 0.171
11 A 10 6 1. 39 0.154
12 A 10 6 1. 39 0.154
13 A 10 6 1. 39 0.154
14 A 10 6 1. 39 0.154
15 A 10 6 1. 39 0.154
16 A 8 5 1. 50 0.1
17 A 6 6 1. 46 0.13
18 A 5 4 1. 48 0.083
19 A 4 4 1. 48 0.083
20 A 4 3 1. 48 0.062
21 A 5 5 1. 48 0.104
22 A 5 5 1. 48 0.104
23 A 5 5 1. 48 0.104
24 A 6 6 1. 50 0.12
25 A 10 6 0.9 45 0.133
26 A 8 7 1. 49 0.143
27 A 10 6 0.99 47 0.128
28 A 10 6 0.99 47 0.128
29 A 10 6 0.99 47 0.128
30 A 10 6 1. 47 0.128
31 A 10 6 1. 47 0.128
32 A 2 2 1.4 31 0.065
33 A 5 5 1. 41 0.122
34 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

31  [(a+asin(e+fx))"(c—csin(e+fx))72 (A + Csin’*(e + fx))

Optimal. Leaf size=384

16¢2 (A (4m2 +32m + 63) +C (4m2 —16m + 39)) cos(e + fx){Jc — csin(e + fx)(asin(e + fx) +a)" 64 (A (4m:
+

f@m +7)(@2m +9) (4m? + 16m + 15) Ji

[Out] (64*c™3*(Cx(39 - 16*m + 4*m~2) + A*(63 + 32*m + 4*m~2))*Cos[e + f*x]*(a + a
*Sinfe + f*xx])"m)/(£x(5 + 2xm)*(7 + 2xm)*(9 + 2*xm)*(3 + 8*m + 4*m~2)*Sqrt[c
- c*Sinfe + f*x]]) + (16%c™2%(C*(39 - 16*m + 4*m~2) + A*(63 + 32*m + 4*m™2
))*Cos[e + f*x]*(a + a*Sinf[e + f*x]) m*Sqrtlc - c*Sinle + f*xx]])/(£x(7 + 2%
m)*(9 + 2¥m)*(15 + 16*m + 4*m~2)) + (2*xc*(C*(39 - 16*m + 4*m~2) + A*x(63 + 3
2*%m + 4*m~2))*Cos[e + f*xx]*(a + a*Sin[e + f*x]) m*x(c - c*xSin[e + fx*xx])~(3/2
D))/ (£x(5 + 2xm)*(7 + 2*m)*(9 + 2*m)) - (4xCx(1 + 2*m)*Cos[e + fxx]*(a + a*xS
inle + f*x])"m*x(c - c*Sin[e + £*x])~(5/2))/(£x(7 + 2*xm)*(9 + 2*m)) + (2*xC*C
os[e + f*x]*(a + a*Sin[e + f*x]) m*(c - cxSinle + £xx])~(7/2))/(c*fx(9 + 2%

m) )

Rubi [A] time = 0.932094, antiderivative size = 384, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 40, LT

integrand size
0.1, Rules used = {3040, 2973, 2740, 2738}

16c2 (A (4m2 + 32m + 63) +C (4m2 —16m + 39)) cos(e + fx)\/c —csin(e + fx)(asin(e + fx) +a)"  64c3 (A (4m:
+

f@m +7)2m +9) (4m2 +16m +15) Ji

Antiderivative was successfully verified.

[In] Int[(a + ax*Sin[e + f*x]) m*x(c - c*xSinl[e + f*x])~(5/2)*(A + CxSinl[e + f*x]~2
), x]

[Out] (64*c™3*(Cx(39 - 16*m + 4*m~2) + A*(63 + 32*m + 4*m~2))*Cos[e + f*x]*(a + a
xSinfe + fxx])"m)/(£x(5 + 2xm)*(7 + 2*m)*(9 + 2*m)*(3 + 8*m + 4*m~2)*Sqrt[c
- c*Sinfe + f*x]]) + (16%c™2%(C*(39 - 16*m + 4*m~2) + A*x(63 + 32*m + 4*m™2
))*Cos[e + fxx]*(a + axSin[e + f*x]) m*Sqrtlc - c*Sinle + f*xx]])/(£*x(7 + 2%
m)*(9 + 2«m)*(15 + 16%m + 4*m~2)) + (2*cx(C*(39 - 16*m + 4*m~2) + A*x(63 + 3
2*%m + 4*m~2))*Cos[e + f*xx]*(a + a*Sin[e + f*x]) m*x(c - c*Sin[e + fx*x])~(3/2
1)/ (Ex(5 + 2%m)*(7 + 2xm)*(9 + 2xm)) - (4*%C+x(1 + 2*m)*Cosl[e + f*xx]*(a + a*S
inle + f*x]) m*(c - c*Sinle + f*x])~(5/2))/(£*x(7 + 2*m)*(9 + 2*m)) + (2*CxC
os[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sinle + f*xx])~(7/2))/(cxf*x(9 + 2%
m) )

19
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Rule 3040

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1) " (m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*& D)D" (@_)*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp[(C*Cos[e + f*x]*(a + b*Sinl[e + f*x]) m*x(c + d*Sinl[e + f*x])~(n + 1))

/(d*f*(m + n + 2)), x] + Dist[1/(b*d*(m + n + 2)), Int[(a + b*Sin[e + fx*x])

“mx(c + d*Sinl[e + f*x]) n*Simp[A*b*dx(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

- bxcxCx(2%m + 1)*Sin[e + f*xx], x], x], x] /; FreeQ[{a, b, c, d, e, f, A, C
, m, n}, x] & EqQ[b*c + a*d, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2"(-1)]

&& NeQ[m + n + 2, 0]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_ D)+ )D*((c) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(n_), x_Symbol] :> -Si
mp[(B*Cos[e + f*x]*(a + b*Sin[e + f*x]) m*x(c + d*Sinl[e + f*x])"n)/(fx(m + n
+ 1)), x] - Dist[(B*c*(m - n) - Axd*(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[b*c + a*xd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2

“(-1)] && NeQ[m + n + 1, 0]

Rule 2740

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_ Ix(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[e + f*x]*(a + b*Sin[e + f*x])~(
m - 1)*(c + d*Sinl[e + f*x])"n)/(f*x(m + n)), x] + Dist[(a*x(2*m - 1))/(m + n)
, Int[(a + b*Sin[e + f*x])~(m - 1)*(c + d*Sin[e + f*x])“n, x], x] /; FreeQ[
{a, b, ¢, d, e, f, n}, x] & EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ
[m - 1/2, 0] && 'LtQ[n, -1] && !'(IGtQ[n - 1/2, 0] && LtQ[n, m]) && !'(ILt
Qlm + n, 0] && GtQ[2*m + n + 1, 0])

Rule 2738

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)1I*((c_) + (d_.)*sin[(e_.) + (£
_D*(x )17 (n_), x_Symbol] :> Simp[(-2*b*Cos[e + f*xx]*(c + d*Sin[e + f*x])~
n)/(f*(2*n + 1)*Sqrtla + b*Sinle + f*x]]), x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[n, -2"(-1)]

Rubi steps

2Ccos(e + fx)(a + asin(e + fx))"(c — csin(e + f

f(a +asin(e + fx))"(c - csin(e + fx))>? (A + Csin®(e + fx)) dx =

cf(9 +2m)
B _4C(1 + 2m) cos(e + fx)(a + asin(e + fx))"(c -
f(7+2m)(9 + 2m)
2¢(C (39 = 16m + 4m?) + A (63 + 32m + 4m?))
f(5+2m)(7
162 (C (39 — 16m + 4m?) + A (63 + 32m + 4m?)
f(3+2m)(5 + 2n

64c® (C (39 —16m + 4m?) + A (63 + 32m + 4m?
B F+2m)(3 + 2m)(5 + 2m)(7 + 2m)(9 -
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Mathematica [C] time = 6.967, size = 899, normalized size = 2.34

(64Am4+16Cm4+896Am3+224Cm3+5280Am2+1416Cm2+15648Am+648Cm+18900A+12285c:

~ M(r_ nci 5/2
(a(sin(e + fx) +1))"(c - csin(e + fx)) @m+1)(2m+3)(2m+5)(2m+7)(2m+9)

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sin[e + f*x]) m*(c - c*Sinle + f*x])~(5/2)*(A + CxSin[e +
f*xx]72) ,x]

[Out] ((a*x(1 + Sinl[e + f*x])) m*x(c - cxSinl[e + f*x])~(5/2)*(((18900*%A + 12285%C +
15648*A*xm + 648*C*m + 5280*%xA*m~2 + 1416*%Cxm~2 + 896*xA*m~3 + 224xC*m~3 + 64
*A*xm~4 + 16*xC*xm~4)*((1/8 + I/8)*Cos[(e + f*x)/2] + (1/8 - I/8)*Sin[(e + f*x
)/21))/((1 + 2km)*(3 + 2*m)*(5 + 2*m)*(7 + 2*m)*(9 + 2*m)) + ((18900%A + 12
285xC + 15648*A*m + 648*xCxm + 5280*xA*m~2 + 1416*xC*m~2 + 896*A*m~3 + 224*Cx*m
3 + 64*%A*m™4 + 16xCxm~4)*((1/8 - I/8)*Cos[(e + f*x)/2] + (1/8 + I/8)*Sin[(
e + £*xx)/2]1))/((1 + 2xm)*(3 + 2¥m)*(5 + 2*«m)*(7 + 2*xm)*(9 + 2*m)) + ((1575%
A + 1575%C + 1178*%Axm + 414*Cxm + 292*%A*m™2 + 100*Cxm~2 + 24*%A*m~3 + 8xC*m~
3)%((1/4 - I/4)*Cos[(3x(e + f*x))/2] - (1/4 + I/4)*Sin[(3x(e + fxx))/2]))/(
(3 + 2¢m)*(5 + 2km)*(7 + 2xm)*(9 + 2*m)) + ((1575*%A + 1575%C + 1178*A*m + 4
14*Cxm + 292%A*m~2 + 100*C*m™2 + 24*A*m~3 + 8*xC*xm~3)*((1/4 + I/4)*Cos[(3*(e
+ £xx))/2] - (1/4 - I/4)*Sin[(3*%(e + £*x))/2]))/((3 + 2xm)*(5 + 2*xm)*(7 +
2%m)*(9 + 2xm)) + ((63*A + 189*C + 32xA*m + 44*C*m + 4*A*m~2 + 4*Cxm~2)*((-
1/4 + I/4)*Cos[(5*x(e + f*xx))/2] - (1/4 + I/4)*Sin[(5*x(e + £*x))/2]1))/((56 +
2+¢m) * (7 + 2*m)*(9 + 2*xm)) + ((63*%A + 189*%C + 32*%A*xm + 44*Cxm + 4*A¥m~2 + 4%
Ckxm~2)*((-1/4 - I/4)*Cos[(5*x(e + f*x))/2] - (1/4 - I/4)*Sin[(5*x(e + f*x))/2
1)/((5 + 2km)*(7 + 2*m)*(9 + 2*m)) + ((15 + 2xm)*((-3/16 - (3*I)/16)*C*Cos
[(7Tx(e + £xx))/2] + (3/16 - (3*I)/16)*C*xSin[(7*(e + £x*x))/2]))/((7 + 2xm)*(
9 + 2¥m)) + ((15 + 2xm)*((-3/16 + (3*I)/16)*C*Cos[(7*(e + f*x))/2] + (3/16
+ (3*I)/16)*CxSin[(7x(e + £*x))/2]1))/((7 + 2*xm)*(9 + 2xm)) + ((1/16 + I/16)
*C*xCos [(9*x(e + f*x))/2] + (1/16 - I/16)*C*Sin[(9*(e + f*x))/2]1)/(9 + 2*m) +
((1/16 - I/16)*C*Cos[(9*(e + f*x))/2] + (1/16 + I/16)*C*Sin[(9*(e + f*x))/
2]1)/(9 + 2xm)))/(f*(Cos[(e + £*x)/2] - Sin[(e + fxx)/2])75)

Maple [F] time = 0.698, size = 0, normalized size = 0.

5

f(a+asin(fx+e))m (c—csin(fx+e))2 (A+ C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m*(c-c*sin(f*x+e))~(5/2)*(A+Cxsin(f*x+e)~2),x)

[Out] int((ata*sin(f*x+e)) m*x(c-c*sin(f*x+e))~(5/2)* (A+Cxsin(f*xx+e) 2),x)

Maxima [B] time = 1.8332, size = 1204, normalized size = 3.14

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(c-c*sin(f*x+e))”(5/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="maxima")
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[Out] -2*(((4*m~2 + 24*m + 43)*a"m*c~(5/2) - (12*m~2 + 40*m - 15)*a"m*c~(5/2)*sin
(f*x + e)/(cos(f*x + e) + 1) + 2x(4*m™2 + 8*m + 35)*a"m*xc”(5/2)*sin(f*x + e
)72/ (cos(f*x + e) + 1)72 + 2x(4*m™2 + 8+m + 35)*a"m*c”(5/2)*sin(f*x + e)~3/
(cos(f*x + e) + 1)73 - (12*xm™2 + 40*m - 15)*a " mxc”(5/2)*sin(f*x + e)~4/(cos
(f*x + e) + 1)74 + (4*m™2 + 24xm + 43)*a"m*c”(5/2)*sin(f*x + e)~5/(cos(f*x
+ e) + 1)75)*A*xe” (2*«m*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - m¥log(sin(
fxx + e)72/(cos(f*xx + e) + 1)72 + 1))/((8*m~3 + 36%m~2 + 46*m + 15)*(sin(f*
X + e) 2/(cos(f*x + e) + 1)72 + 1)7(5/2)) + 4%(2+%(4*m™2 + 56*m + 219)*a"m*c
~(5/2) - 4%x(4*m~3 + 56*xm~2 + 219*m)*a"m*c”(5/2)*sin(f*x + e)/(cos(f*x + e)
+ 1) + (16*m™4 + 240*m~3 + 1136*m™2 + 1380*m + 1971)*a"m*c”(5/2)*sin(f*x +
e)”"2/(cos(f*xx + e) + 1)72 - (48*m~4 + 496*m~3 + 1568*m~2 + 3108*m - 315)*a”
mxc~(5/2)*xsin(f*x + e)~3/(cos(f*x + e) + 1)73 + 4x(8*m~4 + 68*m~3 + 290*m~2
+ 111*m + 567)*a"m*xc”(5/2)*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 4*x(8*m~4
+ 68*m~3 + 290*m~2 + 111%m + 567)*a"mxc”(5/2)*sin(f*x + e)~5/(cos(f*x + e)
+ 1)75 - (48+*m™4 + 496*m~3 + 1568*m~2 + 3108*m - 315)*a"m*c~(5/2)*sin(f*x +
e)"6/(cos(fxx + e) + 1)76 + (16*m™4 + 240*m~3 + 1136*m~2 + 1380*m + 1971)*
a"mxc”(5/2)*sin(f*x + e)77/(cos(f*x + e) + 1)77 - 4x(4*m~3 + 56*m™2 + 219*m
)*a"mxc” (5/2) *sin(f*x + e)78/(cos(f*xx + e) + 1)78 + 2% (4*m™2 + 56xm + 219)*
a"mxc”(5/2)*sin(f*x + e)79/(cos(f*x + e) + 1)79)*Ckxe” (2*m*log(sin(f*x + e)/
(cos(fxx + e) + 1) + 1) - mxlog(sin(f*x + e)”2/(cos(f*x + e) + 1)72 + 1))/(
(32*m~5 + 400*m~4 + 1840*m~3 + 3800*m~2 + 3378*m + 2*(32*m~5 + 400*m~4 + 18
40*m~3 + 3800*m~2 + 3378*m + 945)*sin(f*x + e)”2/(cos(f*x + e) + 1)72 + (32
*m~5 + 400*m~4 + 1840*m~3 + 3800*m~2 + 3378*m + 945)*sin(f*x + e)~4/(cos(fx*
X +e) + 1)74 + 945)*x(sin(f*x + e)”2/(cos(f*x + e) + 1)72 + 1)7(5/2)))/f

Fricas [B] time = 2.40549, size = 1982, normalized size = 5.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*xsin(f*x+e))~(5/2)* (A+Cxsin(f*x+e)”2),x, a
lgorithm="fricas")

[Out] 2*((16*%Cxc™2*xm~4 + 128+C*c~2*m™3 + 344*Cxc~2xm~2 + 352+%C*c”2*m + 105*C*xc~2)
*cos(f*x + e)75 + 128%x(A + C)*c™2+¥m™2 - (16*Cxc”™2*m™4 + 224*C*c™2+*m™3 + 776
*C*xc™2+4m™2 + 904*Cxc”~2xm + 285%C*c”2)*cos(f*x + e)™4 + 512x(2%A - C)*c™2*m
- (16%(A + 3*xC)*c”2*m™4 + 32%x(5*xA + 16*C)*c™2+*m~3 + 8*(65%A + 253*C) *c~2*m~
2 + 8% (75*%A + 328*%C)*c™2xm + 3% (63*%A + 289*C)*c”2)*cos(f*x + e)~3 + 96*(21*
A+ 13*C)*c”2 + (16%(A + C)*c™2*m™4 + 224x(A + C)*c”2*m~3 + 8*x(133*A + 85x*C
)*cT2+%m”2 + 1864* (A + C)*c™2xm + 3% (231%A + 263*C)*c”2)*cos(f*x + e)”2 + 2%
(16%(A + C)*c™2*m™4 + 192*x(A + C)*c™2+¥m~3 + 856*(A + C)*c™2*xm™2 + 16%(109*A
+ 85*%C)*c”2xm + 3%(483*%A + 419*C)*c”"2)*cos(f*x + e) + (128%(A + C)*c™2*m™2
+ (16*C*c™2*m™4 + 128*Cxc”2*m~3 + 344*xC*xc™2*m~2 + 352*%Cxc”2xm + 105*%C*xc”2)
*cos(f*x + e)74 + 512%x(2xA - C)*c™2+m + 2*%(16*Cxc™2*xm~4 + 176%C*c”2*m™3 + 5
B60*%C*c™2*%m™2 + 628*Cxc~2xm + 195%C*c™2)*cos(f*x + )73 + 96%x(21*xA + 13*C)*c
"2 - (16%(A + CO)*c™2*xm™4 + 160*%(A + C)*c™2*m™3 + 8*(65*xA + 113*C)*c™2*%m™2 +
24% (25%A + B7*C)*c”2xm + 9% (21%A + 53*C)*c”~2)*cos(f*x + e)72 - 2% (16x(A +
C)*c™2*%m™4 + 192*x(A + C)*c™2*xm~3 + 792 (A + C)*c™2*¥m™2 + 16*%(77xA + 101*C)*
c”2xm + 3x(147*A + 211xC)*c”2)*cos(f*x + e))*sin(f*x + e))*sqrt(-c*ksin(f*x
+ e) + c)*x(a*sin(f*x + e) + a)"m/(32*xf*m™5 + 400*xf*m~4 + 1840*f*m~3 + 3800%
fxm~2 + 3378*fxm + (32*xf*m”5 + 400*f*m~4 + 1840*f*m~3 + 3800*f*m~2 + 3378*f
*m + 945%f)*cos(f*x + e) — (32*xf*m~5 + 400*f*m~4 + 1840*f*m~3 + 3800*f*m~2
+ 3378*f*m + 945xf)xsin(f*x + e) + 945x%f)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**(5/2)* (A+C*xsin(f*x+e)**2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

sage,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*xsin(f*xx+e))~(5/2)* (A+Cxsin(f*x+e)”2),x, a
lgorithm="giac")

[Out] sage2
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32  [(a+asin(e+fx))"(c—csin(e+fx))¥? (A + Csin’(e + fx)) d:

Optimal. Leaf size=285

8c? (A (4m2 +24m + 35) +C (4m2 —8m + 19)) cos(e + fx)(asin(e + fx) +a)™ 2c (A (4m2 + 24m + 35) +C (41712 -
f@m +5)2m +7) (4m2 +8m + 3) yc —csin(e + fx) ’ f

[Out] (8*c™2x(Cx(19 - 8xm + 4*m~2) + A*(35 + 24*m + 4xm~2))*Cos[e + f*x]*(a + a*xS
infe + £*x])"m)/(£*(5 + 2*m)*(7 + 2*xm)*(3 + 8*m + 4*m~2)*Sqrt[c - c*Sin[e +
f*x]]) + (2%c*x(Cx(19 - 8xm + 4*m™2) + A*(35 + 24*m + 4*m~2))*Cos[e + f*x]*

(a + axSinf[e + fxx]) m*Sqrtlc - c*Sinl[e + £*x]]1)/(£*(3 + 2*m)*(5 + 2xm)*(7

+ 2*¢m)) - (4*xCx(1 + 2xm)*Cos[e + f*x]*(a + a*Sin[e + f*x]) " m*(c - c*Sinf[e +
fxx])7(3/2))/(£%(5 + 2*«m)*(7 + 2*m)) + (2*CxCos[e + fxx]*(a + axSinl[e + fx*

x])"mx(c - c*Sinle + f*x])~(5/2))/(c*fx(7 + 2*m))

Rubi [A] time = 0.719355, antiderivative size = 285, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 40, /e

0.1, Rules used = {3040, 2973, 2740, 2738}

integrand size

8c? (A (4m2 + 24m + 35) +C (4m2 —8m + 19)) cos(e + fx)(asin(e + fx) +a)" 2c (A (4m2 + 24m + 35) +C (4m2 -
f@m +5)2m +7) (4m2 + 8m + 3) \Jc - csin(e + fx) ’ f

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c - c*xSinl[e + f*x])~(3/2)*(A + CxSinl[e + fx*x]~2
) ,x]

[Out] (8*c™2*x(Cx(19 - 8*m + 4*m~2) + A*(35 + 24*m + 4*m~2))*Cos[e + f*x]*(a + a*xS
infe + f*x])"m)/(£*%(5 + 2xm)*(7 + 2xm)*(3 + 8*m + 4*m~2)*Sqrt[c - c*Sinl[e +
f*x]]) + (2%c*x(Cx(19 - 8xm + 4*m~2) + A*(35 + 24*m + 4*xm~2))*Cos[e + f*x]*

(a + axSinf[e + fxx]) m*Sqrtlc - c*Sinl[e + f*x]]1)/(£*(3 + 2*m)*(5 + 2xm)*(7

+ 2*¢m)) - (4*xCx(1 + 2xm)*Cos[e + f*x]*(a + a*Sin[e + fxx]) " m*(c - c*Sinfe +
fxx])7(3/2))/(£x(5 + 2*xm)*(7 + 2xm)) + (2#C*Cos[e + f*x]*(a + a*Sinl[e + f*

x])"m*(c - c*Sinle + f*x])~(5/2))/(c*fx(7 + 2*m))

Rule 3040

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
f_I)*xx D)D) "(_)*((A_.) + (C_.)*sinf[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp [(C*Cos[e + f*x]x(a + b*Sin[e + f*x]) m*(c + d*Sin[e + fxx])~"(n + 1))

/(d*fx(m + n + 2)), x] + Dist[1/(b*d*(m + n + 2)), Int[(a + b*Sin[e + fxx])

“m*(c + d*Sin[e + f*x]) " n*Simp[A*xb*d*x(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

- bxc*xCx(2xm + 1)*Sinfe + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, C

, m, n}, x] && EqQ[b*c + a*xd, 0] && EqQ[a"2 - b"2, 0] && !LtQ[m, -27(-1)]

&& NeQ[m + n + 2, 0]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x D)D) *((c) + (@_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> -Si
mp[(BxCos[e + fxx]*(a + bxSin[e + fx*x]) m*(c + d*Sin[e + f*x])™n)/(f*(m + n
+ 1)), x] - Dist[(B*c*x(m - n) - Axd*(m + n + 1))/(d*(m + n + 1)), Int[(a +
bxSin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x] /; FreeQ[{a, b, c, 4, e,
f, A, B, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2

~(-1)] && NeQ[m + n + 1, 0]
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Rule 2740

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_ Ix(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[e + f*x]*(a + b*Sin[e + fx*x])~(
m - 1)*x(c + d*Sinf[e + f*x])™n)/(fx(m + n)), x] + Dist[(ax(2*m - 1))/(m + n)
, Int[(a + b*Sin[e + f*x])~(m - 1)*(c + d*Sin[e + f*x])"n, x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && EqQ[b*c + a*d, 0] && EqQ[a"2 - b~2, 0] && IGtQ
[m - 1/2, 0] && 'LtQ[n, -1] && !'(IGtQ[n - 1/2, 0] && LtQ[n, m]) && !'(ILt
Qlm + n, 0] && GtQ[2*m + n + 1, 0])

Rule 2738

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_)*(x_)1I*((c_) + (d_.)*sin[(e_.) + (£
_D*(x_ )17 (n_), x_Symbol] :> Simp[(-2*b*Cos[e + f*x]*(c + d*Sin[e + f*x])~
n)/(f*(2*n + 1)*Sqrtla + b*Sinle + f*x]1]), x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] && EqQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[n, -27(-1)]

Rubi steps

2Ccos(e + fx)(a + asin(e + fx))"(c — csin(e

f(a +asin(e + fx))"™(c - csin(e + fx))3? (A + Csin®(e + fx)) dx =

cf(7 + 2m)
_4C(1 +2m)cos(e + fx)(a +asin(e + fx))"(
f(5+2m)(7 + 2m)
2¢(C (19 - 8m + 4m?) + A (35 + 24m + 4m?)
f(3+2m)(!

82 (C (19 — 8m + 4m?) + A (35 + 24m + 4m?
- A +2m)3 + 2m)(5 + 2m)(7 + 2

Mathematica [A] time = 3.61078, size = 264, normalized size = 0.93

c\/c —csin(e + fx) (sin (%(e + fx)) + cos (%(e + fx))) (a(sin(e + fx) + 1)) (—(Zm +1) (4A (4m2 + 24m + 35) +C

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sin[e + f*x]) mx(c - c*Sinf[e + f*x])~(3/2)*(A + C*xSin[e +
fxx]72),x]

[Out] (cx(Cos[(e + fxx)/2] + Sin[(e + fx*x)/2])*(ax(1 + Sin[e + f*x])) m*Sqrt[c -
cxSinl[e + f£*x]]*(700%A + 494*C + 760*A*m + 284*C*m + 272%A*m~2 + 136%C*m~2

+ 32%A*m~3 + 16*%Cxm~3 - 2+%C*(39 + 110*m + 68*m~2 + 8*m~3)*Cos[2*(e + f*x)]

- (1 + 2«m)*(4*A*x (35 + 24*m + 4*m~2) + C*x(253 + 80*m + 12*m~2))*Sin[e + fx*x

] + 15%C*Sin[3*(e + fxx)] + 46*C*m*Sin[3*(e + f*x)] + 36%C+m~2*Sin[3*(e + f

*x)] + 8*Cxm~3*Sin[3*(e + £*x)]))/(2xfx(1 + 2¥m)*(3 + 2*xm)*(5 + 2¥m)*(7 + 2
*m)*(Cos[(e + f*x)/2] - Sin[(e + fx*x)/2]))

Maple [F] time = 0.688, size = 0, normalized size = 0.

f(a+asin(fx+e))m (c—csin(fx+e))

NIl W

(A +C (sin (fx + e))z) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*x(c-c*sin(f*xx+e)) (3/2)*(A+Cxsin(f*x+e)”2),x)

[Out] int((a+a*sin(f*x+e)) m*(c-c*sin(f*x+e)) " (3/2)* (A+Cxsin(f*x+e)~2),x)

Maxima [B] time = 1.72613, size = 875, normalized size = 3.07

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e)) m*(c-c*xsin(f*x+e))”~(3/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="maxima")

[Out] -2*((a"m*c~(3/2)*(2*m + 5) - a"m*c”(3/2)*(2*m — 3)*sin(f*x + e)/(cos(f*x +
e) + 1) - a"m*xc”(3/2)*(2xm - 3)*sin(f*x + e)~2/(cos(f*x + e) + 1)72 + a"m*c
~(3/2)*%(2+m + 5)*sin(f*x + e)~3/(cos(f*x + e) + 1)73)*A*xe” (2*m*log(sin(f*x
+ e)/(cos(fxx + e) + 1) + 1) - mxlog(sin(f*x + e)~2/(cos(f*x + e) + 1)72 +
1))/((4*m~2 + 8+m + 3)*(sin(f*x + e)”"2/(cos(f*x + e) + 1)72 + 1)7(3/2)) + 4
*(2%a"m*c” (3/2) *(2xm + 13) - 4% (2+*m™2 + 13*m)*a"mxc”(3/2)*sin(f*x + e)/(cos
(f*x + e) + 1) + (8%m™3 + 60*m™2 + 66*m + 91)*a"m*xc”(3/2)*sin(f*x + e)~2/(c
os(f*x + e) + 1)72 - (8+m™3 + 20*m~2 + 82*m - 35)*a "m*c”(3/2)*sin(f*x + e)”
3/(cos(f*x + e) + 1)73 - (8xm~3 + 20*m~2 + 82*m - 35)*a"m*c”(3/2)*sin(f*x +
e)”4/(cos(f*x + e) + 1)74 + (8+m™3 + 60*m™2 + 66*xm + 91)*a"m*c”(3/2)*sin(f
*x + e)75/(cos(f*x + e) + 1)75 - 4+x(2*m™2 + 13*m)*a"m*c~(3/2)*sin(f*x + e)~
6/(cos(f*x + e) + 1)76 + 2*xa"m*c~(3/2)*(2*m + 13)*sin(f*x + e)~7/(cos(f*x +
e) + 1)77)*Cxe” (2*xm*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - m*xlog(sin(f
*x + e)”2/(cos(fxx + e) + 1)72 + 1))/((16*m™4 + 128*m~3 + 344*m~2 + 352*m +
2% (16*m~4 + 128*m~3 + 344*m~2 + 352*m + 105)*sin(f*x + e)~2/(cos(f*x + e)
+ 1)72 + (16*m~4 + 128+m~3 + 344*m™2 + 352*m + 105)*sin(f*x + e)~4/(cos(f*x
+e) +1)74 + 105)*(sin(f*x + e)"2/(cos(f*x + e) + 1)72 + 1)°(3/2)))/f

Fricas [A] time = 2.00517, size = 1199, normalized size = 4.21

4
2 ((8 Cem® + 36 Cem? + 46 Cem + 15 Cc) cos (fx +e) =16 (A + C)em? + (8 Cem® + 68 Cem? + 110 Cem + 39 Ce) cc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*xsin(f*x+e))~(3/2)*(A+Cxsin(f*x+e)”2),x, a
lgorithm="fricas")

[Out] -2*%((8*Cxc*xm™3 + 36%C*c*m™2 + 46*Ckc*m + 15%Cxc)*cos(f*x + e)”4 - 16x(A + C
Yxcxm”2 + (8*C*c*m™3 + 68*Ckxcxm™2 + 110%Ckc*m + 39*Ckxc)*cos(f*x + e)~3 - 32
*(3%A - C)*cxm — (8*x(A + C)*c*m™3 + 4*(13*A + 5xC)*cxm™2 + 94* (A + C)*c*m +

(35%A + 43+C)*c)*cos(f*x + e)”2 — 4x(35%A + 19*%C)*c - (8*(A + C)*c*xm™3 + 6
8k (A + C)*cxm™2 + 2x(95%A + 63*C)*c*m + (175%A + 143*C)*c)*cos(f*x + e) - (
16%x(A + C)xc*m™2 + (8*Ckc*m™3 + 36*Cxcxm™2 + 46*Ckc*m + 15*Ckxc)*cos(f*x + e
)73 + 32%(3%A - C)*c*xm — 8*x(4*Cxcxm™2 + 8*Ckc*m + 3*Ckxc)*cos(fxx + e)72 + 4
*(35%A + 19*C)*c — (8*(A + C)*c*m™3 + 52*%(A + C)*cxm™2 + 2x(47*A + T79*C) *c*
m + (35%A + 67*C)*c)*cos(f*x + e))*sin(f*x + e))*sqrt(-c*xsin(f*x + e) + c)*
(a*sin(f*x + e) + a)™m/(16xf*m~4 + 128+f*m~3 + 344*f*m~2 + 352*f*m + (16*f*
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m~4 + 128%xf*xm~3 + 344xf*xm~2 + 352%xf*xm + 105%xf)*cos(f*x + e) - (16*xf*m™4 + 1
28*%f*m~3 + 344xfxm”~2 + 352xfxm + 105%f)*sin(f*xx + e) + 105%f)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*xx+e))**(3/2)* (A+C*xsin(f*x+e)**2),x

)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(3/2)*(A+C*xsin(f*x+e)”2),x, a
lgorithm="giac")

[Out] Timed out
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33  [(a+asin(e+fx))"\c—csin(e + fx) (A + Csin’(e + fx)) d.
Optimal. Leaf size=180

2c(A(2m +5) — 6Cm + C) cos(e + fx)(asin(e + fx) + a)" N 2Ccos(e + fx)(c — csin(e + fx))3/2(a sin(e + fx) + a)" N
f(2m +1)(2m + 5)4/c — csin(e + fx) cf(2m +5)

[Out] (2*c*(C - 6+Cxm + A*(5 + 2*m))*Cos[e + fxx]*(a + axSin[e + fxx])"m)/(fx(1 +
2xm)* (5 + 2xm)*Sqrtlc - c*Sinle + f*x]]) + (4*cxCx(1 + 2xm)*Cos[e + fxx]*(

a + a*xSinle + f*x])~(1 + m))/(axf*x(3 + 2*xm)*(5 + 2*m)*Sqrt[c - c*Sin[e + fx

x]]1) + (2%CxCos[e + fxx]*(a + axSinl[e + fxx]) m*x(c - cxSinl[e + fxx])~(3/2))
/(cxf*(5 + 2+¥m))

Rubi [A] time = 0.56964, antiderivative size = 180, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 40, e -

0.075, Rules used = {3040, 2971, 2738}

integrand size

2c(A(2m + 5) — 6Cm + C) cos(e + fx)(asin(e + fx) + a)" N 2C cos(e + fx)(c — csin(e + fx))¥?(asin(e + fx) + a)™ N
f@m +1)(2m + 5)4/c — csine + fx) cf(2m +5)

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*Sqrtlc - c*Sinle + f*x]]*(A + CxSinl[e + f*x]~2),
x]

[Out] (2*%c*(C - 6%C*m + Ax(5 + 2*m))*Cos[e + f*x]*(a + a*Sin[e + f*x])"m)/(£f*x(1 +
2xm)* (5 + 2xm)*Sqrtlc - c*Sinle + f*x]]) + (4*c*xCx(1 + 2xm)*Cos[e + fxx]*(

a + axSinle + f*xx])~(1 + m))/(a*xf*(3 + 2*m)*(5 + 2*m)*Sqrt[c - c*Sin[e + fx

x]]1) + (2xC*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sin[e + £*x])~(3/2))
/(cxfx(5 + 2%m))

Rule 3040

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*& DD (a_)*((A_.) + (C_)xsin[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :>
-Simp[(C*Cos[e + f*xx]*(a + b*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(n + 1))

/(d*fx(m + n + 2)), x] + Dist[1/(b*d*(m + n + 2)), Int[(a + b*Sin[e + fxx])

“m*(c + d*Sin[e + f*x]) " n*Simp[A*xb*d*x(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

- bxc*xCx(2xm + 1)*Sinfe + fxx], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, C

, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b2, 0] && !'LtQ[m, -27(-1)]

&& NeQ[m + n + 2, 0]

Rule 2971

Int[Sqrtl(a_.) + (b_.)*sin[(e_.) + (£_.)*(x )]1I1*((A_.) + (B_.)*sin[(e_.) +
(f_D)*xDD*((c ) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Dist
[B/d, Int[Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x])"(n + 1), x], x] - D
ist[(Bxc - Axd)/d, Int[Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, A, B, n}, x] && EqQ[b*c + a*d, 0] && EqQ[a”
2 - b~2, 0]

Rule 2738

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11*((c_) + (d_.)*sin[(e_.) + (£
_I)*x(x )17 (), x_Symbol] :> Simp[(-2*b*Cos[e + f*x]*(c + d*Sinf[e + f*x])~
n)/(fx(2*n + 1)*Sqrt[a + b*Sin[e + f*x]]), x] /; FreeQ[{a, b, ¢, d, e, f, n
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}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b72, 0] && NeQ[n, -27(-1)]

Rubi steps

_ 2Ccos(e + fx)(a +asin(e + fx))"(c — csin(e +
cf(5+2m)
2Ccos(e + fx)(a + asin(e + fx))"™(c — csin(e +
- cf (5 +2m)
_ 2¢(C—-6Cm + A(5 +2m)) cos(e + fx)(a + asin
- @ +2m)(5 + 2m)4Jc — csin(e + fx)

f (a +asin(e+ fx))"yJec— csine + fx) (A + Csin(e + fx)) dx

Mathematica [A] time = 0.800659, size = 160, normalized size = 0.89

\/c —csin(e + fx) (sin (%(e + fx)) + cos (%(e + fx))) (a(sin(e + fx) +1))" (—SAm2 -32Am-30A+C (4m2 + 81

f@2m+1)(2m + 3)(2m +5) (COS (%(e + fx)) —sin (%(

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sin[e + f*x]) m*xSqrt[c - c*Sin[e + f*x]]*(A + C*Sin[e + f*
x]72) ,x]

[Out] -(((Cos[(e + fxx)/2] + Sin[(e + f*x)/2])*(a*x(1 + Sin[e + f*x])) m*Sqrt[c -
cxSin[e + f*x]]*(-30*%A - 19%C - 32xA*m - 8*C*m - 8*A*m~2 — 4*Cxm~2 + C*(3 +

8*m + 4*m~2)*Cos[2*x(e + f*xx)] + 8+C*(1 + 2*m)*Sinl[e + f*x]))/(£x(1 + 2¥m)*

(3 + 2*m)*(5 + 2*m)*(Cos[(e + f*x)/2] - Sin[(e + £*x)/21)))

Maple [F] time = 0.675, size = 0, normalized size = 0.

f(u+asin(fx+e))m \/c—csin(fx+e) (A+C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*x(c-c*sin(f*xx+e)) (1/2)*(A+Cxsin(f*x+e)”2),x)

[Out] int((a+a*sin(f*x+e)) m*(c-c*sin(f*x+e)) " (1/2)*(A+Cxsin(f*x+e)~2),x)

Maxima [B] time = 1.62967, size = 595, normalized size = 3.31

4

i +
e si 2 . 2 2 . 3 . 4 . 5 Zmlog[ sinlfxvo)
4aq \/Emsm(fx+e) (4m +4m+5)am\/Esm(fx+e) (4m +4m+5)am\ﬁsm(fx+e) +4am\ﬁmsln(fx+e) 0 g 2am\/Esm(fx+e) ]C Cos(fx+e)+1
- - -2a"\Jo-——————— |Ce

Cos(fx+e)+1 (COS( x+e)+1)2 (cos(fx+e)+1)3 (cos(fx+e)+1)4 (Cos(fx+e)+1)5

8 m3+36 m2+46 m+ +1

2 (8 m3+36 m2+46 m+15) sin(fx+e)2 (8 m3+36 m2+46 m+15) sin( x+e)4 15] sin(fx+e)2
+ + _—
(

(cos(fx+e)+1)2 (cos(fx+e)+1)4 cos(fx+e)+1)2

f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(fxx+e)) m*(c-c*ksin(f*x+e))”~(1/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="maxima")

[Out] 2*(4x*(4*a"m*sqrt(c)*m*sin(f*x + e)/(cos(f*x + e) + 1) - (4*m™2 + 4*m + B)*a
“mxsqrt(c)*sin(f*x + e)”2/(cos(fxx + e) + 1)72 - (4*m™2 + 4*m + 5)*a"m*sqrt
(c)*sin(f*x + e)73/(cos(f*xx + e) + 1)73 + 4*a"m*xsqrt(c)*mxsin(f*x + e)~4/(c
os(fxx + e) + 1)74 - 2*xa"mxsqrt(c) - 2*a"m*sqrt(c)*sin(f*x + e)~5/(cos(f*x
+ e) + 1)75)*Cxe” (2*m*xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - m*xlog(sin(
fxx + e)72/(cos(f*x + e) + 1)72 + 1))/((8+m™3 + 36*m™2 + 46*m + 2%(8*m~3 +
36*m~2 + 46%m + 15)*sin(f*x + e)72/(cos(f*x + e) + 1)72 + (8*m™3 + 36+m™2 +
46*m + 15)*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 15)*sqrt(sin(f*x + e)~2/(
cos(f*x + e) + 1)72 + 1)) - (a"m*sqrt(c) + a"m*sqrt(c)*sin(f*x + e)/(cos(f*
X + e) + 1))*xAxe” (2*mxlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - m*xlog(sin(
fxx + e)72/(cos(f*xx + e) + 1)72 + 1))/((2*m + 1)*sqrt(sin(f*x + e)~2/(cos(f
*x + e) + 1)72 + 1)))/f

Fricas [A] time = 1.79447, size = 659, normalized size = 3.66

2(@Cm2+8Cm+3cyms0x+ef—4@4+cmﬂ+(4Cm2—cymsgx+ef—16Am—QMA+43m2+8QA-

8 Fm® + 36 fm? + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*xsin(f*x+e))~(1/2)*(A+Cxsin(f*x+e)”2),x, a
lgorithm="fricas")

[Out] -2*((4%C*m~2 + 8*Cxm + 3*C)*cos(f*x + e)73 - 4x(A + C)*m™2 + (4*xCxm~2 - C)*
cos(f*xx + e)72 - 16xA*m - (4*%(A + C)*m™2 + 8*x(2%¥A + C)*m + 15%A + 11*C)*cos

(f*x + e) - (4*(A + C)*m™2 — (4*xC*xm~2 + 8*C*m + 3*C)*cos(f*x + e)72 + 16*A*

m - 4%(2+C*m + C)*cos(f*x + e) + 15xA + 7+C)*sin(f*x + e) - 15%xA - 7xC)*sqr
t(-cxsin(f*x + e) + c)*(a*sin(f*x + e) + a)"m/(8*f*m~3 + 36*f*m~2 + 46*f*m

+ (8xf*m™3 + 36xf*m~2 + 46*xf*m + 15xf)*cos(f*x + e) - (8xf*m™3 + 36xf*m™2 +
46xf+m + 15+f)*sin(f*x + e) + 15%f)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**(1/2)*(A+Cxsin(f*x+e)**2),x

)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(fxx+e)) m*(c-c*xsin(f*x+e))”~(1/2)*(A+C*xsin(f*x+e)”2),x, a
lgorithm="giac")

[Out] Timed out
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dx

34 (a+asin(e+fx))™ (A+C sin2(6+fx))
) f ye—csin(e+fx)

Optimal. Leaf size=123

(A+C)cos(e-+ f)asin(e + f)+ " oFy (L + L+ L3600+ 9 +D) 50 coste s fryasinge s F1) + o)™

f@m +1)yJc —csin(e + fx) af(2m + 3)4/c — csin(e + fx)

[Out] ((A + C)*Cos[e + fxx]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + f
xx])/2]*(a + axSin[e + f*x])"m)/(f*(1 + 2*m)*Sqrt[c - c*Sin[e + fxx]]) - (2
xC*xCos[e + f*xx]*(a + axSin[e + f*x])~(1 + m))/(a*f*(3 + 2*m)*Sqrt[c - c*Sin

[e + fxx]])

Rubi [A] time = 0.292738, antiderivative size = 123, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 40, e -

integrand size
0.1, Rules used = {3038, 2745, 2667, 68}

(A+ C)cos(e+ fx)(asin(e + fx) +a)" ,F; (1,m + %;m + g; %(sin(e + fx) + 1)) 2C cos(e + fx)(asin(e + fx) + ay™

f(2m +1)4Jc - csin(e + fx) af(2m + 3)4/c — csin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + axSin[e + fx*x]) mx(A + C*Sin[e + £*x]72))/Sqrtlc - c*Sin[e + f*x]
1,x]

[Out] ((A + C)*Cos[e + f*xx]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + £
xx])/2]*(a + a*Sinl[e + f*x])"m)/(f*(1 + 2*m)*Sqrt[c - c*Sin[e + fxx]]) - (2
*CxCos[e + fxx]*(a + axSinfe + f*x])~(1 + m))/(a*xf*(3 + 2*m)*Sqrt[c - c*Sin

[e + fxx]]1)

Rule 3038

Int[(((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_.)*((A_.) + (C_.)*sin[(e_.)
+ (£_.)*%(x_)172))/Sqrt[(c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1], x_Symbol] :
> Simp[(-2xC*Cos[e + f*x]*(a + b*Sin[e + f*x]) " (m + 1))/ (b*f*(2*m + 3)*Sqrt
[c + d*Sinle + f*x]]), x] + Dist[A + C, Int[(a + bxSin[e + fx*x]) m/Sqrtlc +
d*Sinle + f*x]], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, C, m}, x] && EqQ[b*
c + axd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2"(-1)]

Rule 2745

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_ Ix(x_)]1)"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ f*x]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + f*x]~ (2*Frac
Part[m]), Int[Cos[e + fxx]~(2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, c, d, e, £, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2667

Int[cos[(e_.) + (£_)*(x_)]1 (p_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1) " (m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a"2 - b~2, 0] && (GeQlp, -1]1 || !IntegerQ[m + 1/2
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D

Rule 68

Int[((a_) + (b_)*x(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
bxc - a*d) nx(a + b*x) " (m + 1)+*Hypergeometric2F1[-n, m + 1, m + 2, -((d*x(a
+ bxx))/(bxc - axd))])/(b"(n + 1)*x(m + 1)), x] /; FreeQ[{a, b, ¢, d, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ([nl]

Rubi steps

f (a + asin(e + fx))" (A + Csin®(e + fx)) = _2Ccos(e + fx)(a + asin(e + Fx))tm A+ C)f (a + asin(e

\/c —csin(e + fx) af(3 + Zm)\/c —csin(e + fx) \c —csin(e
_2Ccos(e+ fx)(a +asin(e + Fx))lm N ((A+C)cos(e + fx)) f:

- af(3 + ?_m)\/c —csin(e + fx) \Va + asin(e

(a(A + C)cos(e + fx)) S

__2Ccos(e + fx)(a + asin(e + Fx))tm N
- af(3 +2m)+/c — csin(e + fx) f4Ja+asin

(A +C)cos(e + fx),Fy (1% ;2 +m; 2(1+ singe + fx))) (a+

- f(1 +2m)4Jc—csin(e + fx)

Mathematica [F] time = 180.002, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[((a + a*Sin[e + f*x]) m*x(A + C*xSin[e + f*x]~2))/Sqrtlc - cx*Sin[e
+ f*x]],x]

[Out] $Aborted

Maple [F] time = 0.735, size = 0, normalized size = 0.

f(a+asin(fx+e))m (A+ C(sin(fx+e))2) \/C_CSilll(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(A+Cksin(fxx+e)”2)/(c—cxsin(f*xx+e)) ~(1/2),x)

[Out] int((ata*sin(f*x+e)) m*x(A+C*sin(f*x+e)”~2)/(c—c*sin(f*x+e))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(Csin (fx+e)2 + A)(asin( x+e) + a)m

\/—csin(fx+e) +c

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e))~(1/2),x, a
lgorithm="maxima"

[Out] integrate((Cksin(f*x + e)72 + A)*(a*xsin(f*x + e) + a) m/sqrt(-c*sin(f*x + e
) +¢), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 -A- C)\/—csin (fx+e) + c(asin (fx+e) + a)m

csin(fx+e) -c

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(A+Cxsin(f*x+e)”2)/(c-cxsin(f*x+e)) ~(1/2),x, a
lgorithm="fricas")

[Out] integral((Cxcos(f*x + e)”2 - A - C)*sqrt(-c*sin(f*x + e) + c)*(a*xsin(f*x +
e) + a)"m/(cxsin(f*x + e) - c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+C*xsin(f*x+e)**2)/(c-c*xsin(f*x+e))**(1/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (C sin (fx + e)z + A)(u sin (fx + e) + a)m
\/—csin (fx +e) +c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e)) m*(A+Cxsin(f*x+e)”2)/(c-cxsin(f*x+e)) ~(1/2),x, a
lgorithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*sin(fxx + e) + a) m/sqrt(-cxsin(f*x + e
) +¢), x)
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3.5 dx

(a+asin(e+fx))™ (A+C sin2(6+fx))
f (c—csin(e+fx))3/2

Optimal. Leaf size=202

(A(1 =2m)—-C(2m +7))cos(e + fx)(asin(e + fx) + a)" ,F; (1,m + %;m + g; %(Sin(e + fx) + 1)) QAm + A +C
+

4cf(2m + 1)yJc — csin(e + fx) 4c

[Out] ((A + C)*Cosl[e + fxx]*(a + a*Sin[e + f*x])~(1 + m))/(4*a*xf*x(c - c*Sinl[e + f
*xx])7(3/2)) + ((A + 2%A*m + Cx(9 + 2+m))*Cos[e + f*x]*(a + a*Sinf[e + f*x])~

m)/ (dxcxfx(1 + 2*m)*Sqrt[c - cxSinle + fxx]]) + ((A*x(1 - 2*m) - Cx(7 + 2*m)
)*Cos[e + f*x]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + fxx])/2]

x(a + axSinf[e + f*x])"m)/(4xcxf*x(1 + 2*m)*Sqrtlc - c*Sin[e + fx*x]])

Rubi [A] time = 0.585978, antiderivative size = 202, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 40, e .

0.125, Rules used = {3036, 2973, 2745, 2667, 68}

integrand size

(A(l =2m)—-C(2m +7))cos(e + fx)(asin(e + fx) + a)" ,F; (1,m + %;m + g; %(Sin(e + fx) + 1)) QAm + A +C
+

4cf(2m + 1)yJc — csin(e + fx) 4c

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + C*Sinl[e + f*x]"2))/(c - c*Sin[e + f*x])~(3
/2) ,x]

[Out] ((A + C)*Cosl[e + fxx]*(a + a*Sin[e + f*x])~(1 + m))/(4*a*xf*x(c - c*Sinle + f
*x])7(3/2)) + ((A + 2%A*m + Cx(9 + 2#m))*Cos[e + f*x]*(a + a*Sinf[e + f*x])~

m)/ (dxcxfx(1 + 2*xm)*Sqrt[c - c*Sinle + fxx]]) + ((A*x(1 - 2*m) - Cx(7 + 2*m)
)*Cos[e + f*x]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + fxx])/2]

x(a + axSinf[e + f*x])"m)/(4xc*xf*x(1 + 2*m)*Sqrtc - c*Sin[e + fx*x]])

Rule 3036

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(E_D)*x& DD (_)*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]172), x_Symbol] :>
Simp[((a*A + a*xC)*Cos[e + fxx]x(a + b*Sinf[e + f*x]) mx(c + d*Sinf[e + f*x])~
(n + 1))/ (2%b*cxfx(2*m + 1)), x] - Dist[1/(2*b*c*d*x(2*m + 1)), Int[(a + b*S
infe + f*x])"(m + 1)*(c + d*Sinl[e + f*x]) n*Simp[A*x(c”™2x(m + 1) + d™2*(2*m
+n+ 2)) - Cx(c™2xm - d72%(n + 1)) + dx(Axcx(m + n + 2) - c*C*(3*m - n))*S
inle + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, C, m, n}, x] && EqQ[
b*c + axd, 0] && EqQ[a”2 - b™2, 0] && (LtQ[m, -2°(-1)]1 || (EqQ[m + n + 2, 0
1 && NeQ[2*m + 1, 0]))

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*&x)1D)*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> -Si
mp[(B*Cos[e + fxx]*(a + bxSin[e + f*x]) m*(c + d*Sin[e + f*x])™n)/(f*(m + n
+ 1)), x] - Dist[(B*c*(m - n) - A*d*(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2

~(-1)] && NeQ[m + n + 1, 0]

Rule 2745
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)*x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ f*x]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cosl[e + f*x]~ (2*Frac
Part[m]), Int[Cosle + f*x] (2*m)*(c + d*Sin[e + f*x])"(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !'FractionQ[n])

Rule 2667

Int[cos[(e_.) + (£_D)*(x )] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f£_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1]1 || !'IntegerQ[m + 1/2
D

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*xc - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(b*c - axd))])/ (" (n + 1)*(m + 1)), x] /; FreeQ[{a, b, c, d, m}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps

(a-+a sin(e+ fx))m(—%az(A(:%-

(a +asin(e + fx))" (A + Csin’(e + fx)) Iy — (A + C)cos(e + fx)(a+ asin(e + fx))1+™
f (c — csin(e + fx)P r= 4af(c - csin(e + fx))2

_ (A+C)cos(e+ fx)(a+asin(e + fa)Hm (A+2Am + C(9 + 2m)
B 4af(c - csin(e + fx))32 4ef(1+2n

_ (A+C)cos(e + fx)(a+asin(e + fx)'™™  (A+2Am + C(9 +2m)
B 4af(c - csin(e + fx))32 i 4ef(1+2m

_(A+Q)cose + fx)(a+asin(e + fx)'*™  (A+2Am + C(9 +2m)
) daf(c - csin(e + fx)/2 ’ 4cf(1+2n

_(A+Q)cose + fx)(a+asin(e + fx)'*™  (A+2Am+ C(9 +2m)
) 4af(c—csin(e + f)72 ’ scf(l+2n

Mathematica [C] time = 26.1473, size = 13921, normalized size = 68.92

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) " m*x(A + CxSin[e + f*x]72))/(c - cxSin[e + fx
x])7(3/2) ,x]

[Out] Result too large to show

Maple [F] time = 0.679, size = 0, normalized size = 0.

3

f(a + asin (fx + e))m (A +C (sin (fx + e))z) (c —csin (fx + e))_E dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*x(A+Cxsin(f*xx+e)~2)/(c—c*xsin(f*x+e))~(3/2),x)

[Out] int((a+ta*sin(f*x+e)) m* (A+Cksin(fxx+e) 2)/(c-cxsin(f*x+e))~(3/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + e)2 + A)(a sin (fx + e) + a)m

f 3 dx

(—c sin (fx + e) + c)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e))~(3/2),x, a
lgorithm="maxima"

[Out] integrate((Ckxsin(f*x + e)72 + A)*(axsin(f*x + e) + a)"m/(-c*sin(f*x + e) +

c)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 -A- C)\/—csin (fx+e) + c(asin (fx+e) + a)m

czcos(fx+e)2 +2czsin(fx+e) —-2¢?

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e))~(3/2),x, a
lgorithm="fricas")

[Out] integral((Cxcos(f*x + e)72 - A - C)*sqrt(-c*sin(f*x + e) + c)*(axsin(fx*x +
e) + a)™m/(c"2*cos(f*xx + e)72 + 2xc"2*xsin(f*x + e) - 2%c”2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+Cksin(f*x+e)**2)/(c-c*sin(f*xx+e))**(3/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + e)z + A)(a sin (fx + e) + a)m

f 3 dx

(—c sin (fx + e) + c)E
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e))~(3/2),x, a

lgorithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*xsin(f*x + e) + a)"m/(-c*sin(f*x + e) +

c)~(3/2), x)
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dx

36 (a+asin(e+fx))™ (A+C sin2(6+fx))
) f (c—csin(e+fx))°/2

Optimal. Leaf size=207

(A (4m2 —8m + 3) +C (4m2 + 24m + 19)) cos(e + fx)(asin(e + fx) + a)" ,F; (1,m + %;m + g; %(sin(e + fx) + 1))

32¢2f(2m + 1)yJc — csin(e + fx)

[Out] ((A + C)*Cos[e + f*x]*(a + a*Sinf[e + f*x])~(1 + m))/(8*xaxf*x(c - c*Sin[e + f
*x])7(5/2)) + ((A*x(5 - 2*m) - C+(11 + 2xm))*Cos[e + f*x]*(a + a*Sin[e + f*x
1)"m)/(16*xcxf*x(c - c*Sin[e + £xx])7(3/2)) + ((A*x(3 - 8*m + 4*m~2) + C*x(19 +

24*m + 4*m~2))*Cos[e + f*xx]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Si

nle + f*x])/2]*(a + axSin[e + fxx])"m)/(32%c~2*fx(1 + 2*m)*Sqrt[c - c*Sin[e

+ fxx]])

Rubi [A] time = 0.628137, antiderivative size = 207, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 40, e -

0.125, Rules used = {3036, 2972, 2745, 2667, 68}

integrand size

(A (4m2 = 8m + 3) + C (4m? + 24m +19)) cos(e + fx)(asin(e + fx) +a)" oF; (1, m+ Sim+ 2 M sine + fx) + 1))

32¢2f(2m + 1)yJc — csin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + CxSinl[e + f*x]72))/(c - cxSin[e + fx*x])~(5
/2) ,x]

[Out] ((A + C)*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m))/(8xaxf*(c - c*Sin[e + f
*x])7(5/2)) + ((Ax(5 - 2xm) - Cx(11 + 2*m))*Cos[e + f*x]*(a + a*Sin[e + f*x
1)"m)/(16*xcxf*x(c - c*Sin[e + fxx])~(3/2)) + ((A*x(3 - 8*m + 4*m~2) + C*x(19 +

24*m + 4*m~2))*Cos[e + f*x]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (1 + Si

nle + fxx])/2]*(a + a*Sinf[e + f*xx])™m)/(32xc™2xfx(1 + 2*m)*Sqrt[c - c*Sin[e

+ fxx]])

Rule 3036

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(£_)*& DD " (m_)*((A_.) + (C_)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
Simp[((a*A + a*xC)*Cos[e + fxx]x(a + b*Sinf[e + f*x]) mx(c + d*Sinf[e + f*x])~
(n + 1))/ (2%b*cxfx(2*m + 1)), x] - Dist[1/(2*b*c*d*(2*m + 1)), Int[(a + b*S
infe + f*x])~(m + 1)*(c + d*Sin[e + f*x]) n*Simp[A*(c™2x(m + 1) + d~2%(2*m
+n+ 2)) - Cx(c™2xm - d72%(n + 1)) + dx(A*cx(m + n + 2) - c*Cx(3*m — n))*S
inle + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, C, m, n}, x] && EqQ[
bxc + axd, 0] && EqQ[a”2 - b~2, 0] && (LtQ[m, -27(-1)] || (EqQ[m + n + 2, O
] && NeQ[2#m + 1, 0]))

Rule 2972

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m_)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*xDD*((c ) + (d_)*sin[(e_.) + (f_)*(x_)1)"(n_.), x_Symbol] :> Sim
pL((Axb - axB)*Cos[e + f*x]*(a + b*Sin[e + fx*x]) m*(c + d*Sin[e + f*x])"n)/
(axfx(2%m + 1)), x] + Dist[(a*Bx(m - n) + Axbx(m + n + 1))/(a*xbx(2xm + 1)),
Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sin[e + f*x])™n, x], x] /; FreeQ[{
a, b, ¢, d, e, £, A, B, m, n}, x] && EqQ[b*c + a*xd, 0] && EqQ[a"2 - b~2, 0]
&& (LtQ[m, -27(-1)] || (ILtQ[m + n, 0] && !'SumSimplerQ[n, 1]1)) && NeQ[2*m
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Rule 2745
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Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ fxx]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + f*x]~ (2*Frac
Part[m]), Int[Cos[e + f*xx] (2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]

&% (FractionQ[m] || !FractionQ[n])

Rule 2667

Int[cos[(e_.) + (f£_D)*(x )] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f_D)*x(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, £, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a”2 - b~2, 0] && (GeQ[p, -1] || !'IntegerQ[m + 1/2

D

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ b*x))/(b*c - a*xd))])/(b"(n + V*(m + 1)), x] /; FreeQ[{a, b, c, d, m}, x]

&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[nl]

Rubi steps

(a+a sin(e+fx))"’(—%a2(A(9-

(a + asin(e + fx))" (A + Csin’(e + fx)) gy = (A + C)cos(e + fx)(a + asin(e + fx))1+™
f (c - csin(e + fx))>2 *= 8af(c — csin(e + fx))>?

_ (A+C)cos(e + fx)(a +asin(e + fx)"*"

(A —2m) - C(11 + 2n

8af(c— csin(e + fx))>2

16cf(c-

(A —-2m) - C(11 + 2n

_ (A+C)cos(e + fx)(a+ asin(e + fx))'™"
- 8af(c— csin(e + fx))>2

16cf(c-

_ (A+ C)cos(e + fx)(a+ asin(e + fx))I+™ N (A -2m) - C(11 +2n

8af(c — csin(e + fx))°/2

l6cf(c-

_ (A+ C)cos(e + fx)(a+ asin(e + fx))1+™ N (A5 —-2m) - C(11 +2n

8af(c — csin(e + fx))°/2

Mathematica [B] time = 13.4105, size = 619, normalized size = 2.99

l6cf(c-

21-21(34119C) oF, (2m,2m;2m+1,'% (1—tan2

sec? (411 (—e - fx+ g))Zm (cos (%(e + fx)) —sin (%(e + fx)))5 (asin(e + fx) + a)™

m

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + fx*x]) " m*x(A + CxSin[e + f*x]72))/(c - cxSin[e + fx

x])~(56/2) ,x]
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[Out] -((Secl[(-e + Pi/2 - fx*x)/4]172)" (2*m)*(Cos[(e + f*x)/2] - Sin[(e + f*x)/2])~
5k(a + a*xSin[e + f*xx]) m*x((27(1 - 2*m)*(3*%A + 19%C)*Hypergeometric2F1[2*m,
2%m, 1 + 2xm, (1 - Tan[(-e + Pi/2 - f*x)/4]1°2)/2])/m - ((A + C)*Cos[(-e + P
i/2 - f*x)/2]*Csc[(-e + Pi/2 - fx*x)/4]174)/(Sec[(-e + Pi/2 - f*x)/4]172)"(2*m
) - (2%(3xA + 19%C)*Hypergeometric2F1[1, 2*m, 1 + 2xm, Cos[(-e + Pi/2 - fx*x
)/2]11)/ (m*(Sec[(-e + Pi/2 - f*x)/4]1°2)"(2*m)) - (16*%(A - 3*C)*Cos[(-e + Pi/
2 - fx*x)/2]*Hypergeometric2F1[2, 1 + 2#m, 2 + 2*m, Cos[(-e + Pi/2 - fxx)/2]
1)/((1 + 2xm)*(Sec[(-e + Pi/2 - f*x)/4]172)"(2*m)) + (8*(A + C)*m*Cos[(-e +
Pi/2 - fxx)/2]*Hypergeometric2F1[2, 1 + 2xm, 2 + 2#m, Cos[(-e + Pi/2 - fx*x)
/211)/((1 + 2*¥m)*(Sec[(-e + Pi/2 - f*x)/4]172)7(2*m)) + (27(1 - 2*m)*(3*A -
13*C) *Hypergeometric2F1[2*m, 1 + 2*m, 2%(1 + m), (1 - Tan[(-e + Pi/2 - fx*x)
/4172)/2]*(-1 + Tan[(-e + Pi/2 - f*x)/4]172))/(1 + 2*m) + (4"(1 - m)*(A + C)
xHypergeometric2F1[-1 + 2#m, 1 + 2*m, 2%x(1 + m), (1 - Tan[(-e + Pi/2 - fxx)
/4172)/2]*(-1 + Tan[(-e + Pi/2 - f*x)/4]172))/(1 + 2*m)))/(128*Sqrt [2]*f*(c
- cxSinf[e + fxx]1)~(5/2))

Maple [F] time = 0.675, size = 0, normalized size = 0.

5

f(a +asin(fx+e))m (A+C(sin(fx+e))2) (c—csin( x+e))_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ta*sin(f*x+e)) m* (A+Cxsin(f*x+e)”2)/(c-cxsin(f*x+e))~(5/2),x)

[Out] int((a+ax*sin(f*x+e)) “m* (A+C*sin(f*xx+e) ~2)/(c—c*xsin(f*x+e))~(5/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + e)z + A)(a sin (fx + e) + a)m

f = dx

(—c sin (fx + e) + c)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+C*xsin(f*x+e) 2)/(c-cxsin(f*x+e))~(5/2),x, a
lgorithm="maxima")

[Out] integrate((Ckxsin(f*x + e)”2 + A)*(axsin(f*x + e) + a)"m/(-c*sin(f*x + e) +

c)~(5/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 —A—C)\/—csin(fx+e) +c(asin(fx+e) +a)m

3c3cos(fx+e)2—4c3 - (c3cos(fx+e)2—4c3)sin(fx+e)

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e))~(5/2),x, a
lgorithm="fricas")
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[Out] integral((Cxcos(f*x + e)72 - A - C)*sqrt(-c*sin(f*x + e) + c)*(axsin(fx*x +
e) + a)™m/(3xc"3xcos(f*x + e)”2 - 4xc”3 - (c"3*cos(f*xx + e)”2 - 4*c”3)*sin(
fxx + e)), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+C*sin(f*x+e)**2)/(c-c*sin(f*x+e))**(5/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Csin(fx+e)2 +A)(asin( x+e) +a)m

f( i dx

(—c sin (fx + e) + c)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+ta*sin(f*x+e)) m* (A+Cxsin(f*x+e)~2)/(c-c*sin(f*x+e))~(5/2),x, a
lgorithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*xsin(f*x + e) + a) m/(-c*sin(fxx + e) +

c)~(5/2), x)
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A+C sin2(6+ fx)

3.7 f \/a+a sin(e+fx)(c—csin(e+fx))3/2

Optimal. Leaf size=167

(A + C)cos(e + fx)\/a sin(e + fx) +a ~ (A—=3C)cos(e + fx)log(1 - sin(e + fx)) N (A +C)cos(e + fx)log(sin(e
daf(c - csin(e + fx))32 4cf\/a sin(e + fx) + a\/c - csin(e + fx) 4cf\/a sin(e + fx) + a\/c —-cs

[Out] ((A + C)*Cos[e + f*x]xSqrt[a + a*Sin[e + fxx]])/(4*axf*(c - c*Sinl[e + fx*x])
~(3/2)) - ((A - 3*C)*Cos[e + fxx]*Logl[l - Sin[e + f*x]])/(4*cxfxSqrt[a + ax*
Sinle + f*x]]*Sqrtlc - c*Sinf[e + f*x]]) + ((A + C)*Cos[e + f*x]*Log[l + Sin

[e + f*xx]])/(4*cxfxSqrtla + a*Sin[e + f*x]]*Sqrtlc - c*Sinl[e + fxx]])

Rubi [A] time = 0.651349, antiderivative size = 167, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 42, e .

0.119, Rules used = {3036, 2969, 2737, 2667, 31}

integrand size

(A + C)cos(e + fx)\/a sin(e + fx) +a ~ (A—-3C)cos(e + fx)log(1l - sin(e + fx)) N (A+ C)cos(e+ fx)log(sin(e
4af(c - csin(e + fx))¥? 4efrJasin(e + fx) + ayJc—csin(e + fx)  4dcfrfasin(e + fx) +ayJc—cs

Antiderivative was successfully verified.

[In] Int[(A + CxSin[e + f*x]72)/(Sqrt[a + a*Sin[e + fxx]]*(c - c*Sinl[e + f*xx])~(
3/2)) ,x]

[Out] ((A + C)*Cos[e + f*x]*Sqrtla + a*xSin[e + fxx]])/(4*axfx(c - cxSinl[e + f*x])
~(3/2)) - ((A - 3xC)*Cos[e + f*xx]*Logl[l - Sin[e + fxx]])/(4*xcxfxSqrtla + ax
Sin[e + f*x]]1*Sqrt[c - c*Sin[e + f*x]]) + ((A + C)*Cos[e + f*xx]xLog[l + Sin

le + f*x]])/(4xcxf*xSqrtla + a*Sin[e + f*x]]*Sqrt[c - c*Sinl[e + f*x]])

Rule 3036

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)xx_)1)"(_.)*x((A_.) + (C_.)*sinl[(e_.) + (£f_.)*(x_)]172), x_Symbol] :>
Simp[((a*A + a*xC)*Cos[e + fxx]x(a + b*Sinf[e + f*x]) mx(c + d*Sinf[e + f*x])~
(n + 1))/ (2xbxc*xfx(2%m + 1)), x] - Dist[1/(2*bxc*xd*x(2xm + 1)), Int[(a + b*S
infe + f*x])"(m + 1)*(c + d*Sinle + f*x]) n*Simp[A*(c™2*(m + 1) + d~2%(2*m
+n+ 2)) - Cx(c™2xm - d72+%(n + 1)) + dx(Axcx(m + n + 2) - c*C*(3*m - n))*S
inle + fx*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, C, m, n}, x] && EqQL
b*c + axd, 0] && EqQ[a”2 - b"2, 0] && (LtQ[m, -2°(-1)]1 || (EqQ[m + n + 2, 0
1 && NeQ[2*m + 1, 0]))

Rule 2969

Int[(CA_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(f_)*(x_)]11*Sqrt[(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]]), x_Symbol] :> Dist
[(A*b + a*B)/(2*a*b), Int[Sqrt[a + b*Sin[e + f*x]]/Sqrtlc + d*Sin[e + fxx]]
, x], x] + Dist[(B*c + Axd)/(2*c*d), Int[Sqrtlc + d*Sin[e + f*x]]/Sqrt[a +
bxSinl[e + f*x]], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] && EqQ[b*xc +
axd, 0] && EqQ[a~2 - b~2, 0]

Rule 2737

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)1]1/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Dist[(a*c*Cos[e + f*x])/(Sqrt[a + b*Sin[e + fx
x]1*Sqrt[c + d*Sinle + f*x]]), Int[Cos[e + f*x]/(c + d*Sinle + f*x]), x], x
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1 /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[bxc + a*d, 0] && EqQ[2a"2 - b~2, 0]

Rule 2667

Int[cos[(e_.) + (£_D)*(x )] (p_.)*((a_) + (b_.)*sinl(e_.) + (£_D)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b7p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“(p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a”2 - b~2, 0] && (GeQlp, -1]1 || !IntegerQ[m + 1/2
D

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
f —2a%(A-C)+4a*C sin(e+fx)
f A+C sinz(e + fx) B (A+C)cos(e + fx)\/a + asin(e + fx) Ja+asin(et fx)yJe—csin(e+ )
Va +asin(e + fx)(c - csin(e + fx))3¥? 4af(c - csin(e + fx))¥? 4a2c
\a+asin(e+fx)
_ (A+C)cos(e + fx)y/a +asin(e + fx) (A-30) [ Je—csim(et fx) dx
B 4af(c - csin(e + fx))3¥2 4ac

COS

_ (A+C)cos(e + fx)yJa+asin(e + fx) ((A=3C)cos(e + fx)) [ s
- 4af(c - csin(e + fx))¥? 4yJa + asin(e + fx)4/c — csiy

_(A+C)cos(e+ fx)\/a + asin(e + fx) ((A=3C)cos(e + fx)) Subst
B 4af(c - csin(e + fx))3? B 4Cf\/m
_ (A+C)cos(e+ fx)\/a +asin(e + fx) (A -3C)cos(e + fx)log(l -+
- 4af(c—csin(e + fx))¥? - 4cf\/a+asin(e+fx)\/c—c;

Mathematica [A] time = 0.628868, size = 190, normalized size = 1.14

(cos (%(e + fx)) —sin (%(e + fx))) (sin (%(e + fx)) + cos (%(e + fx))) (—(A -30) (cos (%(e + fx)) —sin (%(e + fx)))2
TNE

Antiderivative was successfully verified.

[In] Integrate[(A + C*Sin[e + f*x]72)/(Sqrt[a + a*Sin[e + f*x]]I*(c - c*Sinle + f
*x])7(3/2)) ,x]

[Out] ((A + C - (A - 3*C)*Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]]1*(Cos[(e + f*x)
/2] - Sin[(e + f*x)/2])"2 + (A + C)*Logl[Cos[(e + f*x)/2] + Sin[(e + f*x)/2]
1x(Cos[(e + f*xx)/2] - Sin[(e + fx*x)/2])"2)*(Cos[(e + fx*x)/2] - Sin[(e + f*x
)/2])*(Cos[(e + f*xx)/2] + Sin[(e + fxx)/2]))/(2*f*Sqrt[ax(1 + Sin[e + f*x])

I*(c - cxSinl[e + f*x])~(3/2))

Maple [B] time = 0.392, size = 341, normalized size = 2.

cos (fx + e)
2f

sin(fx+e

—1+cos(fx+e)+sin(fx+e) Al 1—cos(fx+e)+sin(fx+e)
sin(fx+e) )_ n( sin(fx+e)

Asin(fx+e)1n(—
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Cxsin(fx*x+e)”~2)/(c—c*sin(f*x+e))~(3/2)/(at+taxsin(f*x+e)) " (1/2),x)

[Out] 1/2/f*x(A*sin(f*x+e)*1n(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))-A*In((1-cos(
fxx+e)+sin(f*x+e))/sin(f*x+e) ) *sin(f*x+e)+2xCx1n(2/ (cos(f*x+e)+1) ) *sin (f*x+
e)-3*CxIn(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e)) *sin(f*x+e)-CxIn((1-cos(f*
x+e)+sin(fxx+e))/sin(f*x+e)) *sin(f*xx+e)+Axsin (f*x+e) -A*xIn(-(-1+cos(f*x+e)+s
in(f*x+e))/sin(f*x+e) ) +A*1In((1-cos (f*x+e)+sin(f*x+e))/sin(f*x+e))-2*xCx1n(2/
(cos(f*x+e)+1))+Cxsin(f*x+e)+3*xCx1n (- (-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))
+Cx1n((1-cos(f*x+e)+sin(f*x+e))/sin(f*x+e)))*cos(f*x+e)/(ax(1+sin(f*x+e)))”
(1/2)/ (mc*x(~1+sin(f*x+e)))~(3/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

Csin(fx+e)2+A
f 5 dx

\/usin(fx+e) +u(—csin (fx +e) +c)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sin(f*x+e)”~2)/(c-c*sin(f*xx+e))~(3/2)/(ata*xsin(f*x+e))~(1/2),
x, algorithm="maxima"

[Out] integrate((Cxsin(fxx + e)72 + A)/(sqrt(a*sin(f*x + e) + a)*(-cksin(f*x + e)

+ ¢)~(3/2)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos(fx+e)2—A—C)\/asin(fx+e)+u\/—csin(fx+e)+c
integral > > ,X
aczcos(fx+e) sin( x+e)—aczcos( x+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sin(fxx+e)”~2)/(c-c*sin(f*x+e))”~(3/2)/(ata*sin(f*x+e))~(1/2),
x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)”2 - A - C)*sqrt(a*sin(f*x + e) + a)*sqrt(-cxsin(fx*
x + e) + c)/(axc™2*cos(f*x + e) " 2*xsin(f*x + e) - a*c ™ 2*cos(f*x + e)~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f A+Csin2(e+fx)
\/a (sin (e + fx) + 1) (—c (sin (e +fx) - 1))i

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((A+Cksin(fxx+e)**2)/(c-c*sin(f*x+e))**(3/2)/(ata*sin(f*x+e))**(1/
2),x)
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[Out] Integral((A + Cksin(e + f*x)**2)/(sqrt(ax(sin(e + f*x) + 1))*(-c*(sin(e + f
*x) - 1))*x(3/2)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

5 dx
\/asin(fx+e) +a(—csin (fx +e) +c)5

f Csin(fx+e)2+A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sin(f*x+e)~2)/(c-cxsin(f*x+e))”(3/2)/(ata*xsin(f*x+e))~(1/2),
x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + A)/(sqrt(a*sin(fxx + e) + a)*(-c*sin(f*x + e)

+ ¢)~(3/2)), x)
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38  [(a+asin(e+fx))"(c—csin(e+fx))" (A + Csin’*(e + fx)) d
Optimal. Leaf size=257

c2n+%((m +n+1)(A@m +n+2) + C(=m + n +1)) + C2m +1)(m — n)) cos(e + fx)(1 - sin(e + fx))%_”(a sin(e + f

fCm+1)(m+n+1)(m+n+:

[Out] (27(1/2 + n)*c*x(Cx(1 + 2%m)*(m - n) + (1 + m + n)*(Cx(1 - m + n) + A*x(2 + m
+ n)))*Cos[e + f*x]*Hypergeometric2F1[(1 + 2*m)/2, (1 - 2*n)/2, (3 + 2xm)/

2, (1 + Sin[e + f*x])/2]*(1 - Sin[e + f*x])~(1/2 - n)*(a + a*xSin[e + f*x])~

m*(c - c*Sinfe + f*x])~ (-1 + n))/(f*x(1 + 2*m)*(1 + m + n)*(2 + m + n)) - (C

*(1 + 2*m)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sinle + f*x]) ™n)/(£*(

1 +m+n)*x(2 +m+ n)) + (CxCosl[e + fxx]*x(a + a*Sin[e + f*x]) m*x(c - c*Sin

[e + £xx])7(1 + n))/(c*fx(2 + m + n))

Rubi [A] time = 0.66488, antiderivative size = 257, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 38, e

0.158, Rules used = {3040, 2973, 2745, 2689, 70, 69}

integrand size

c2"+%((m +n+1)(A@m +n+2) + C(=m + n +1)) + C2m + 1)(m — n)) cos(e + fx)(1 - sin(e + fx))%_”(a sin(e + f

fCm+1)(m+n+1)(m+n+

Antiderivative was successfully verified.

[In] Int[(a + ax*Sin[e + f*x]) m*(c - c*Sin[e + f*x]) n*x(A + CxSin[e + fx*x]~2),x]

[Out] (27(1/2 + n)*c*x(C*x(1 + 2*m)*(m - n) + (1 + m + n)*(Cx(1 - m + n) + A*x(2 + m
+ n)))*Cos[e + f*x]*Hypergeometric2F1[(1 + 2*m)/2, (1 - 2*n)/2, (3 + 2*m)/

2, (1 + Sinf[e + f*x])/2]*(1 - Sin[e + f*x])~(1/2 - n)*(a + a*Sin[e + f*x])~

m*(c - c*Sinf[e + f*x])~ (-1 + n))/(f*x(1 + 2%m)*(1 + m + n)*(2 + m + n)) - (C

*(1 + 2«m)*Cos[e + f*xx]*(a + a*xSin[e + f*x]) m*(c - c*Sin[e + f*x]) n)/(£x*(

1 +m+ n)*x(2 +m+ n)) + (CxCos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sin

[e + £xx])~(1 + n))/(c*f*(2 + m + n))

Rule 3040

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)])"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*& DD (_)*((A_.) + (C_)xsin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp[(C*Cos[e + f*x]*(a + b*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(n + 1))

/(dxfx(m + n + 2)), x] + Dist[1/(b*d*x(m + n + 2)), Int[(a + b*Sin[e + f*x])

“m*x(c + d*Sinf[e + f*x]) n*Simp[Axbxd*(m + n + 2) + Ckx(a*xc*m + bxd*(n + 1))

- bxc*C*x(2+m + 1)*Sinfe + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, C

, m, n}, x] & EqQ[b*c + a*xd, 0] && EqQ[a~2 - b~2, 0] && !'LtQ[m, -2"(-1)]

&& NeQ[m + n + 2, 0]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)1*x((c_) + (d_)*sinl[(e_.) + (f£_)*(x)1)"(n_), x_Symbol] :> -Si
mp[(BxCos[e + fxx]*(a + bxSin[e + fx*x]) m*(c + d*Sin[e + f*x])"n)/(f*(m + n
+ 1)), x] - Dist[(B*c*x(m - n) - Axd*x(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[bxc + axd, 0] &% EqQ[a"2 - b"2, 0] && !LtQ[m, -2

“(-1)] && NeQ[m + n + 1, 0]
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Rule 2745

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_Ix(x_)]1)"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ f*x]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cosl[e + f*x]~ (2*Frac
Part[m]), Int[Cos[e + f*x]~(2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, c, d, e, £, m, n}, x] && EqQ[b*c + a*d, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2689

Int[(cosl[(e_.) + (f_)*(x_)]*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
J)1)7(m_.), x_Symbol] :> Dist[(a"2*x(gxCos[e + f*xx])~(p + 1))/(fxg*x(a + bx*Si
nle + £*xx])~((p + 1)/2)*(a - b*Sin[e + f*x])~((p + 1)/2)), Subst[Int[(a + b
*x)"(m + (p - 1)/2)*x(a - bxx)~((p - 1)/2), x], x, Sinle + fx*x]], x] /; Free
Ql{a, b, e, f, g, m, p}, x] && EqQ[a”2 - b~2, 0] && !'IntegerQ[m]

Rule 70

Int[((a_) + (b_.)*(x )) " (m )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*xx) “FracPart[n]/((b/(b*c - a*xd)) IntPart[n]*((b*(c + d*x))/(b*c - a*xd))
“FracPart([n]), Int[(a + b*x) mxSimp[(b*c)/(bxc - a*d) + (b*d*x)/(bxc - a*d)
, x]"n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - a*xd, 0] && !'In
tegerQ[m] && !IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] &% !'IntegerQ[m] &% !'IntegerQ[n] && GtQ[b/(b*c - a*xd)
, 0] & (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(bxc - axd)), 0]))

Rubi steps

_ Ccos(e + fx)(a+ asin(e + fx))"(c — csin(e + fx)

f(a + asin(e + fx))™(c — csin(e + fx))" (A +C sin2(e + fx)) dx Cf @+ m+n)

3 _C(l + 2m) cos(e + fx)(a + asin(e + fx))"(c—cs

fA+m+n)(2+m+n)

3 _C(l + 2m) cos(e + fx)(a + asin(e + fx))"(c-cs

fA+m+n)(2+m+n)

3 _C(l + 2m) cos(e + fx)(a + asin(e + fx))"(c—-cs

fA+m+n)(2+m+n)

3 _C(l + 2m) cos(e + fx)(a+ asin(e + fx))"(c—-cs

fA+m+n)(2+m+n)

2§+”c(C(1 +2m)(m—-n)+ 1 +m+n)(C1—-m+

Mathematica [C] time = 15.3549, size = 4861, normalized size = 18.91

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + a*Sin[e + f*x]) m*(c - c*Sin[e + f*x]) nx(A + CxSin[e + f*x]
~2),x]

[Out] (4*(16*CxAppellF1[1/2 + n, -2*m, 2%x(1 + m + n), 3/2 + n, Tan[(-e + Pi/2 - £
xx) /4172, -Tan[(-e + Pi/2 - fxx)/4]72] + 128*CxAppellF1[1/2 + n, -2*m, 2x(2
+m+mn), 3/2 +n, Tan[(-e + Pi/2 - fxx)/4]72, -Tan[(-e + Pi/2 - f*x)/4]"2
] - AxAppellF1[1/2 + n, -2#m, 1 + 2*%(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)
/4172, -Tan[(-e + Pi/2 - fxx)/4]72] - C*AppellF1[1/2 + n, -2*m, 1 + 2x(m +
n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-e + Pi/2 - fx*xx)/4]°2] - 80%
CxAppellF1[1/2 + n, -2*m, 3 + 2*(m + n), 3/2 + n, Tan[(-e + Pi/2 - fx*x)/4]1"
2, -Tan[(-e + Pi/2 - f*x)/4]72] - 64xCxAppellF1[1/2 + n, -2*m, 5 + 2%x(m + n
), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]1°2, -Tan[(-e + Pi/2 - fx*xx)/4]1°2])*(Sec[
(-e + Pi/2 - £*x)/4]172)"(2*x(m + n))*(2*A*Cos[(-e + Pi/2 - f*x)/2]~(2+*m)*Sin
[(-e + Pi/2 - f*x)/2]"(2*n) + C*Cos[(-e + Pi/2 - f*x)/2]"(2*m)*Sin[(-e + Pi
/2 - £*x)/2]7(2*n) + CxCos[(-e + Pi/2 - fx*x)/2]7(2*m)*Cos[2*(-e + Pi/2 - fx*
x)1*Sin[(-e + Pi/2 - fxx)/2]"(2*n))*(a + a*Sinl[e + f*x]) " m*(c - c*Sin[e + f
*x]) "n*Tan[(-e + Pi/2 - f*x)/4])/(f*(1 + 2*n)*(1 - Tan[(-e + Pi/2 - fx*x)/4]
~2) 7 (2*m) * ((-8*m* (16%C*AppellF1[1/2 + n, -2*m, 2%(1 + m + n), 3/2 + n, Tan[
(-e + Pi/2 - f*x)/4]172, -Tan[(-e + Pi/2 - f*x)/4]72] + 128%CxAppellF1[1/2 +
n, —2xm, 2%(2 + m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi
/2 - £xx)/4]72] - AxAppellF1[1/2 + n, -2*m, 1 + 2x(m + n), 3/2 + n, Tan[(-e
+ Pi/2 - fxx)/4]172, -Tan[(-e + Pi/2 - f*x)/4]"2] - CxAppellF1[1/2 + n, -2x%
m, 1 + 2¢¥(m + n), 3/2 + n, Tan[(-e + Pi/2 - fx*x)/4]"2, -Tan[(-e + Pi/2 - fx
x)/4]172] - 80*CxAppellF1[1/2 + n, -2*m, 3 + 2%x(m + n), 3/2 + n, Tan[(-e + P
i/2 - f*x)/4]172, -Tan[(-e + Pi/2 - f*x)/4]72] - 64*CxAppellF1[1/2 + n, -2*m
, 5+ 2x(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi/2 - f*x
)/4]1°2])*Cos[(-e + Pi/2 - f*x)/2]"(2*m)*(Sec[(-e + Pi/2 - f*x)/4]1°2)"(1 + 2
*(m + n))*Sin[(-e + Pi/2 - fxx)/2]"(2*n)*Tan[(-e + Pi/2 - fxx)/4]72%(1 - Ta
nl(-e + Pi/2 - £*x)/4]172)"(-1 - 2*m))/(1 + 2xn) - (2x(16*CxAppellF1[1/2 + n
, —2*m, 2%(1 + m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-e + Pi/2
- fxx)/4]72] + 128*%CxAppellF1[1/2 + n, -2*m, 2*x(2 + m + n), 3/2 + n, Tan[(
-e + Pi/2 - fxx)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]72] - AxAppellF1[1/2 + n, -
2xm, 1 + 2%(m + n), 3/2 + n, Tan[(-e + Pi/2 - fxx)/4]"2, -Tan[(-e + Pi/2 -
fxx)/4]72] - CxAppellF1[1/2 + n, -2*m, 1 + 2%x(m + n), 3/2 + n, Tan[(-e + Pi
/2 - £xx)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]172] - 80xC*AppellF1[1/2 + n, -2*m,
3+ 2x(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi/2 - f*x)
/4]172] - 64xC*xAppellF1[1/2 + n, -2*m, 5 + 2*x(m + n), 3/2 + n, Tan[(-e + Pi/
2 - fxx)/4]°2, -Tan[(-e + Pi/2 - £fx*x)/4]°2])*Cos[(-e + Pi/2 - £x*x)/2]"(2*m)
*(Sec[(-e + Pi/2 - f*x)/4]172)"(1 + 2«(m + n))*Sin[(-e + Pi/2 - £*x)/2]"(2*n
) /(L + 2xn)*(1 - Tan[(-e + Pi/2 - f*x)/4]172)"(2*m)) - (8*n*(16*CxAppellF1
[1/2 + n, -2*m, 2*x(1 + m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-
e + Pi/2 - fxx)/4]72] + 128xCxAppellF1[1/2 + n, -2*m, 2%(2 + m + n), 3/2 +
n, Tan[(-e + Pi/2 - f*x)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]72] - AxAppellF1[1/
2 +n, -2xm, 1 + 2%(m + n), 3/2 + n, Tan[(-e + Pi/2 - fx*xx)/4]1"2, -Tan[(-e +
Pi/2 - fxx)/4]72] - CxAppellF1[1/2 + n, -2*m, 1 + 2%x(m + n), 3/2 + n, Tan[
(-e + Pi/2 - f*x)/4]72, -Tan[(-e + Pi/2 - f*x)/4]172] - 80*CxAppellF1[1/2 +
n, -2*m, 3 + 2¥(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi/
2 - fxx)/4]72] - 64%CxAppellF1[1/2 + n, -2*m, 5 + 2x(m + n), 3/2 + n, Tan[(
-e + Pi/2 - fxx)/4]172, -Tan[(-e + Pi/2 - f*xx)/4]1"2])*Cos[(-e + Pi/2 - fx*xx)/
2]1°(1 + 2*m)*(Sec[(-e + Pi/2 - £*x)/4]172)"(2*x(m + n))*Sin[(-e + Pi/2 - f*x)
/217 (-1 + 2*n)*Tan[(-e + Pi/2 - f*x)/4])/((1 + 2*n)*(1 - Tan[(-e + Pi/2 - f
*x)/4]172) " (2*m)) + (8*m*(16%xCxAppellF1[1/2 + n, -2*m, 2%(1 + m + n), 3/2 +
n, Tan[(-e + Pi/2 - fxx)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]72] + 128%CxAppellF
1[1/2 + n, -2*m, 2*¥(2 + m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tanl[(
-e + Pi/2 - fxx)/4]72] - AxAppellF1[1/2 + n, -2*m, 1 + 2*x(m + n), 3/2 + n,
Tan[(-e + Pi/2 - fxx)/4]72, -Tan[(-e + Pi/2 - fxx)/4]"2] - CxAppellF1[1/2 +
n, —2xm, 1 + 2«(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi
/2 - fxx)/4]172] - 80*CxAppellF1[1/2 + n, -2*m, 3 + 2x(m + n), 3/2 + n, Tan[
(-e + Pi/2 - f*x)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]172] - 64*CxAppellF1[1/2 +
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n, -2*«m, 5 + 2x(m + n), 3/2 + n, Tan[(-e + Pi/2 - fx*x)/4]1"2, -Tan[(-e + Pi/
2 - fxx)/4]172])*Cos[(-e + Pi/2 - £*x)/2]7 (-1 + 2xm)*(Sec[(-e + Pi/2 - fxx)/
4]1°2)"(2x(m + n))*Sin[(-e + Pi/2 - f*x)/2]1"(1 + 2*n)*Tan[(-e + Pi/2 - fx*xx)/
41)/((1 + 2*#n)*(1 - Tan[(-e + Pi/2 - £*x)/4172)"(2*m)) - (8*(m + n)*(16%C*A
ppellF1[1/2 + n, -2%m, 2%(1 + m + n), 3/2 + n, Tan[(-e + Pi/2 - fxx)/4]"2,
-Tan[(-e + Pi/2 - fx*x)/4]72] + 128%CxAppellF1[1/2 + n, -2*m, 2*(2 + m + n),
3/2 + n, Tan[(-e + Pi/2 - f*x)/4]172, -Tan[(-e + Pi/2 - fxx)/4]172] - AxAppe
11F1[1/2 + n, -2*m, 1 + 2%(m + n), 3/2 + n, Tan[(-e + Pi/2 - fx*xx)/4]1"2, -Ta
n[(-e + Pi/2 - f*x)/4]72] - C*AppellF1[1/2 + n, -2%m, 1 + 2*%(m + n), 3/2 +
n, Tan[(-e + Pi/2 - f*x)/4]172, -Tan[(-e + Pi/2 - fxx)/4]172] - 80*C*AppellF1
[1/2 + n, -2*m, 3 + 2x(m + n), 3/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-
e + Pi/2 - f*x)/4]172] - 64xCxAppellF1[1/2 + n, -2%m, 5 + 2%(m + n), 3/2 + n
, Tan[(-e + Pi/2 - fx*x)/4]"2, -Tan[(-e + Pi/2 - fx*xx)/4]1"2])*Cos[(-e + Pi/2
- £xx) /2] (2*m)*(Sec[(-e + Pi/2 - f*x)/4]172)"(2*(m + n))*Sin[(-e + Pi/2 - £
xx) /2]~ (2*n)*Tan[(-e + Pi/2 - f*x)/4]1°2)/((1 + 2*n)*(1 - Tan[(-e + Pi/2 - £
*x)/4]172) " (2*m)) - (8*Cos[(-e + Pi/2 - f*xx)/2]1"(2*m)*(Sec[(-e + Pi/2 - fxx)
/4172)"(2%(m + n))*Sin[(-e + Pi/2 - f*x)/2] " (2*n)*Tan[(-e + Pi/2 - f*x)/4]x*
(-(A*(-((m*x(1/2 + n)*AppellF1[3/2 + n, 1 - 2*m, 1 + 2%(m + n), 5/2 + n, Tan
[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi/2 - fx*xx)/4]"2]*Sec[(-e + Pi/2 - f*x)
/41°2+Tan[(-e + Pi/2 - £*x)/41)/(3/2 + n)) - ((1/2 + n)*(1 + 2x(m + n))*App
ellF1[3/2 + n, -2*m, 2 + 2%x(m + n), 5/2 + n, Tan[(-e + Pi/2 - fxx)/4]1"2, -T
an[(-e + Pi/2 - fx*x)/4]172]1*Sec[(-e + Pi/2 - f*x)/4]1 " 2xTan[(-e + Pi/2 - f*x)
/41)/(2%x(3/2 + n)))) - Cx(-((m*x(1/2 + n)*AppellF1[3/2 + n, 1 - 2*m, 1 + 2%(
m+ n), 5/2 + n, Tan[(-e + Pi/2 - fxx)/4]172, -Tan[(-e + Pi/2 - fx*xx)/4]"2]*S
ec[(-e + Pi/2 - fxx)/4]1 2xTan[(-e + Pi/2 - f*x)/4]1)/(3/2 + n)) - ((1/2 + n)
*(1 + 2x(m + n))*AppellF1[3/2 + n, -2*m, 2 + 2x(m + n), 5/2 + n, Tan[(-e +
Pi/2 - f*x)/4]172, -Tan[(-e + Pi/2 - f*x)/4]1"2]*Sec[(-e + Pi/2 - fx*x)/4] 2*T
an[(-e + Pi/2 - f*x)/41)/(2%(3/2 + n))) - 80%C*(-((m*(1/2 + n)*AppellF1[3/2
+n, 1-2%m, 3 + 2x(m + n), 5/2 + n, Tan[(-e + Pi/2 - fxx)/4]"2, -Tan[(-e
+ Pi/2 - fx*x)/4]172]1*Sec[(-e + Pi/2 - f*x)/4]1 2+Tan[(-e + Pi/2 - f*x)/4])/(
3/2 + n)) - ((1/2 + n)*(3 + 2«(m + n))*AppellF1[3/2 + n, -2%m, 4 + 2*%(m + n
), 5/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-e + Pi/2 - fxx)/4]"2]*Sec[(-
e + Pi/2 - fxx)/4] " 2+Tan[(-e + Pi/2 - fx*x)/4]1)/(2x(3/2 + n))) - 64*C*(-((m*
(1/2 + n)*AppellF1[3/2 + n, 1 - 2*m, 5 + 2%(m + n), 5/2 + n, Tan[(-e + Pi/2
- f*x)/4]72, -Tan[(-e + Pi/2 - fx*x)/4]172]*Sec[(-e + Pi/2 - f*x)/4] 2*Tan[(
-e + Pi/2 - £xx)/41)/(3/2 + n)) - ((1/2 + n)*(5 + 2x(m + n))*AppellF1[3/2 +
n, -2*xm, 6 + 2¢¥(m + n), 5/2 + n, Tan[(-e + Pi/2 - f*x)/4]"2, -Tan[(-e + Pi
/2 - fxx)/4]"2]*Sec[(-e + Pi/2 - fx*x)/4] 2*xTan[(-e + Pi/2 - fxx)/4])/(2x(3/
2 + n))) + 16*%Cx(-((m*(1/2 + n)*AppellF1[3/2 + n, 1 - 2*m, 2%(1 + m + n), 5
/2 + n, Tan[(-e + Pi/2 - f*x)/4]1"2, -Tan[(-e + Pi/2 - f*x)/4]"2]*Sec[(-e +
Pi/2 - f*x)/4]"2%Tan[(-e + Pi/2 - f*x)/4]1)/(3/2 + n)) - ((1/2 + n)*x(1 + m +
n)*xAppellF1[3/2 + n, -2*m, 1 + 2*x(1 + m + n), 5/2 + n, Tan[(-e + Pi/2 - f*
x) /4172, -Tan[(-e + Pi/2 - f*x)/4]"2]*Sec[(-e + Pi/2 - fxx)/4] 2*Tan[(-e +
Pi/2 - £*x)/41)/(3/2 + n)) + 128*C*(-((m*(1/2 + n)*AppellF1[3/2 + n, 1 - 2%
m, 2x(2 + m + n), 5/2 + n, Tan[(-e + Pi/2 - f*xx)/4]"2, -Tan[(-e + Pi/2 - fx*
x)/4]"2]xSec[(-e + Pi/2 - fxx)/4] 2*Tan[(-e + Pi/2 - f*x)/4]1)/(3/2 + n)) -
((1/2 + n)*(2 + m + n)*AppellF1[3/2 + n, -2*m, 1 + 2%(2 + m + n), 5/2 + n,
Tan[(-e + Pi/2 - f*x)/4]72, -Tan[(-e + Pi/2 - fxx)/4]72]*Sec[(-e + Pi/2 - f
xx) /4] "2*%Tan[(-e + Pi/2 - f*x)/4]1)/(3/2 + n))))/((1 + 2*n)*(1 - Tan[(-e + P
i/2 - £*x)/4]172)7(2*m))))

Maple [F] time = 3.273, size = 0, normalized size = 0.
xf(a+asﬂwfx+e»m(c—c$n(fx+e»n(A:kC($n( x+e»2)dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((ata*sin(f*x+e)) m*x(c-c*sin(f*x+e)) nx(A+Cxsin(f*x+e)”2),x)

[Out] int((ata*sin(f*x+e)) m*x(c-c*sin(f*x+e)) n*x(A+Cxsin(f*x+e)”2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.
2
f(C sin (fx + e) + A)(a sin (fx + e) + a)m(—csin (fx + e) + c)n dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*sin(f*x+e)) n*(A+Cxsin(f*x+e)”2),x, algor

ithm="maxima"

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*sin(f*x + e) + a) m*x(-c*sin(f*x + e) +
c)"n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.
2
integral (—(C cos (fx + e) -A- C)(a sin (fx + e) + a)m(—c sin (fx + e) + c)n,x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e)) n*(A+Cxsin(f*x+e)”2),x, algor

ithm="fricas")

[Out] integral(-(Ckcos(f*x + e)72 - A - C)*(a*sin(f*x + e) + a) m*(-c*sin(f*x + e
) + c)’n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**n*x (A+Cxsin(f*x+e)**2) x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
2
f (C sin (fx + e) + A)(a sin (fx + e) + a)m(—csin (fx + e) + c)n dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e)) m*(c-c*sin(f*x+e)) n* (A+Cxsin(f*x+e)”~2),x, algor
ithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*sin(f*x + e) + a) m*x(-c*sin(f*x + e) +

c)’n, x)
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39  [(a+asin(e+fx))"(c+dsin(e+fx))" (A + Csin*(e + fx)) dx
Optimal. Leaf size=366

c+d sin(e+fx) )_]

V2 cos(e + fx)(asin(e + fx) +a)"(d(A(m +n+2)+ C(-m +n+1)) + c(2Cm + C))(c + dsin(e + fx))" ( —

df(2m +1)(m + n + 2)4/1 - sin(e + fx)

[Out] -((CxCosl[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sin[e + f*x])~(1 + n))/(dx*f
*(2 +m + n))) + (Sqrt[2]*(c*(C + 2%C*km) + d*(Ckx(1 - m + n) + A*x(2 + m + n)
))*AppellF1[1/2 + m, 1/2, -n, 3/2 + m, (1 + Sinfe + f*x])/2, -((d*(1 + Sin[

e + £f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sinf[e + f*x]) m*(c + d*Sin[e + fx*x

D n)/(@xfx(1 + 2#m)*(2 + m + n)*Sqrt[1 - Sin[e + f*x]]1*((c + d*Sinl[e + f*x

1)/(c - d))"n) + (Sqrt[2]*C+(d*m - c*(1 + m))*AppellF1[3/2 + m, 1/2, -n, 5/

2 +m, (1 + Sinl[e + f*x])/2, -((d*(1 + Sinl[e + f*x]))/(c - d))]*Cos[e + f*x

1*x(a + a*Sin[e + f*x])~(1 + m)*(c + d*Sinl[e + f*x])7"n)/(a*d*f*(3 + 2*m)*(2

+ m + n)*Sqrt[1 - Sinf[e + fxx]]1*((c + d*Sinf[e + fx*x])/(c - d))"n)

Rubi [A] time = 0.811641, antiderivative size = 365, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 37, number of rules

= 0.162, Rules used = {3046, 2987, 2788, 140, 139, 138}

integrand size

c+d sin(e+fx) )_V‘

\/Ecos(e + fx)(asin(e + fx) + a)"(Ad(m + n + 2) + ¢(2Cm + C) + Cd(-m + n + 1))(c + d sin(e + fx))" ( —

df(2m +1)(m + n + 2)4/1 —sin(e + fx)

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) " n*x(A + C+Sin[e + f*x]~2),x]

[Out] -((C*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sin[e + f*x])~(1 + n))/(d*f
x*(2 +m + n))) + (Sqrt[2]*(c*x(C + 2#C*xm) + Ckd*(1 - m + n) + A*d*(2 + m + n
))*AppellF1[1/2 + m, 1/2, -n, 3/2 + m, (1 + Sinfe + f*x])/2, -((d*(1 + Sin[

e + £*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sin[e + fx*x

DD n)/(dxf*x(1 + 2*m)*(2 + m + n)*Sqrt[1 - Sin[e + f*xx]]1*((c + d*Sin[e + f*x

1)/(c - d))"n) + (Sqrt[2]*Cx(d*m - c*(1 + m))*AppellF1[3/2 + m, 1/2, -n, 5/

2 +m, (1 + Sinl[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]*Cos[e + fx*x

1*x(a + a*Sin[e + f*x])~(1 + m)*(c + d*Sin[e + f*x])7"n)/(a*d*f*(3 + 2*m)*(2

+ m + n)*Sqrt[1 - Sinf[e + fxx]]1*((c + d*Sinf[e + fx*x])/(c - d))"n)

Rule 3046

Int[((a_) + (b_.)*sinl(e_.) + (f_)*(x_)]1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(£_)*& D)D" (@_H)*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]172), x_Symbol] :>
-Simp[(C*Cos[e + f*x]*(a + b*Sinl[e + f*x]) m*x(c + d*Sinl[e + f*x])~(n + 1))

/(@*fx(m + n + 2)), x] + Dist[1/(b*d*x(m + n + 2)), Int[(a + b*Sin[e + f*xx])

“m*(c + d*Sin[e + f*x]) " n*Simp[A*xb*d*(m + n + 2) + Cx(a*c*m + bxd*(n + 1))

+ Cx(axd*m - bxcx(m + 1))*Sinl[e + fx*x], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0] && NeQ[c~2 -

4”2, 0] & 'LtQ[m, -2°(-1)] && NeQ[m + n + 2, 0]

Rule 2987

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*&)D*((c_.) + (d_.)*sinl[(e_.) + (£_)*(x_)1)"(n_), x_Symbol] :> Di
st[(A*xb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])“n, x], xI]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~"(m + 1)*(c + d*Sin[e + fx*x])“n, x], x
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1 /; FreeQ[{a, b, ¢, d, e, f, A, B, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[a
"2 - b72, 0] && NeQ[c™2 - 4”2, 0] && NeQ[A*xb + axB, O]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ fxx]]*Sqrt[a - b*Sin[e + f*x]]), Subst[Int[((a + b*x)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - b*x], x], x, Sin[e + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

! IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((b*(c + d*x))/(b*c - axd)) FracPart[n]), Int[(a + b*xx) m*x((bxc)/(b*c - ax*xd
) + (b*d*x)/(bxc - a*d)) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !'SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*f))”"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/ (b
xc - axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(b*xc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && 'IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(bxc - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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Ccos(e + fx)(a+asin(e + fx))"(c +dsin(e + f
- df2+m +n)
_ Ccos(e+ fx)(a+asin(e + fx))"(c +dsin(e + f
T df2+m +n)

f(a + asin(e + fx))"(c + dsin(e + fx))" (A + Csin®(e + fx)) dx =

_ Ccos(e+ fx)(a+asin(e + fx))"(c +dsin(e + f
T df(2+m+n)

_ Ccos(e+ fx)(a+asin(e + fx))"(c +dsin(e + f
T df Q2 +m+n)

_ Ccos(e+ fx)(a+asin(e + fx))"(c +dsin(e + f
T df(2+m+n)

_ Ccos(e+ fx)(a+asin(e + fx))"(c +dsin(e + f
T df2+m+n)

Mathematica [B] time = 8.5149, size = 1873, normalized size = 5.12

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) mx(c + d*Sin[e + f*x]) nx(A + CxSinl[e + fx*x]
~2) ,x]

[Out] -(((2*C*AppellF1[5/2, (1 - 2*m)/2, -n, 7/2, Sin[(-e + Pi/2 - f*x)/2]72, (2%
d*Sin[(-e + Pi/2 - £x*x)/2]172)/(c + d)I*Cos[(-e + Pi/2 - £*x)/2]7 (-1 + 2*m)*
(Cos[(-e + Pi/2 - f*x)/2]172)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2]75%(1 -
Sin[(-e + Pi/2 - f*x)/2]72)"((1 - 2*m)/2 + (-1 + 2*m)/2)*(c + d - 2*d*Sin[(
-e + Pi/2 - £*x)/2]172)"n)/(5%((c + d - 2*d*Sin[(-e + Pi/2 - fx*x)/2]°2)/(c +
d))"n) - (4*xCxAppellF1[3/2, (-1 - 2#m)/2, -n, 5/2, Sin[(-e + Pi/2 - f*x)/2
172, (2%d*Sin[(-e + Pi/2 - fx*x)/2]172)/(c + d)]*Cos[(-e + Pi/2 - fx*xx)/2]1°(1
+ 2xm)*(Cos[(-e + Pi/2 - £*x)/2]72)"((-1 - 2*m)/2)*Sin[(-e + Pi/2 - fx*x)/2]
“3*%(1 - Sin[(-e + Pi/2 - f*x)/2]72)"((-1 - 2*m)/2 + (1 + 2*m)/2)*(c + d - 2
*d*Sin[(-e + Pi/2 - f*x)/2]172)"n)/((c + d - 2*d*Sin[(-e + Pi/2 - fx*x)/2]72)
/(c + d))"n - (6%Cx(c + d)*AppellF1[1/2, -3/2 - m, -n, 3/2, Sin[(-e + Pi/2
- fxx)/2]72, (2%xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - fx*x
)/2]17(3 + 2xm)*(Cos[(-e + Pi/2 - fxx)/2]172)"(1/2 + (-4 - 2x*m)/2)*Sin[(-e +
Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - f*x)/2]172)7(3/2 + m)*(c + d - 2*d*Sin[
(-e + Pi/2 - £%x)/2]172)"n)/(-3*(c + d)*AppellF1[1/2, -3/2 - m, -n, 3/2, Sin
[(-e + Pi/2 - fx*x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)] + (4*d*n
*xAppellF1[3/2, -3/2 - m, 1 - n, 5/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2*d*Sin[(
-e + Pi/2 - £xx)/2]72)/(c + d)] + (c + d)*(3 + 2*m)*AppellF1[3/2, -1/2 - m,
-n, 5/2, Sin[(-e + Pi/2 - fx*x)/2]172, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]72)/(c +
d)]1)*Sin[(-e + Pi/2 - fxx)/2]172) + (12%xAx(c + d)*AppellF1[1/2, 1/2 - m, -n
, 3/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2*d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)
I*Cos[(-e + Pi/2 - fxx)/2]° (-1 + 2*m)*(Cos[(-e + Pi/2 - £*xx)/2]"2)"(1/2 - m
)*xSin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - £*x)/2]172)"(-1/2 + m)*(c +
d - 2xd*Sin[(-e + Pi/2 - f*x)/2]172)"n)/(3*(c + d)*AppellF1[1/2, 1/2 - m, -
n, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*xd*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d
)] - (4*d*n*AppellF1[3/2, 1/2 - m, 1 - n, 5/2, Sin[(-e + Pi/2 - f*x)/2]"2,
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(2xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)] + (c + d)*(-1 + 2*m)*AppellF1[3/2
, 3/2 - m, -n, 5/2, Sin[(-e + Pi/2 - fxx)/2]172, (2xd*Sin[(-e + Pi/2 - fx*xx)/
2]172)/(c + d)1)*Sin[(-e + Pi/2 - fxx)/2]72) + (6*C*(c + d)*AppellF1[1/2, 1/
2 - m, —n, 3/2, Sin[(-e + Pi/2 - f*x)/2]172, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]"2
)/(c + d)]1*Cos[(-e + Pi/2 - f*x)/2]" (-1 + 2*m)*(Cos[(-e + Pi/2 - f*x)/2]72)
~(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]1*(1 - Sin[(-e + Pi/2 - f*x)/2]1°2)"(-1/2

+ m)*x(c + d - 2*d*xSin[(-e + Pi/2 - f*x)/2]172)7n)/(3*(c + d)*AppellF1[1/2, 1
/2 - m, -n, 3/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2%d*Sin[(-e + Pi/2 - fxx)/2]"
2)/(c + d)] - (4xd*nxAppellF1([3/2, 1/2 - m, 1 - n, 5/2, Sin[(-e + Pi/2 - fx
x)/2]172, (2xdxSin[(-e + Pi/2 - £*x)/2]72)/(c + d)] + (c + d)*(-1 + 2*m)*App
ellF1([3/2, 3/2 - m, -n, 5/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2*d*Sin[(-e + Pi/
2 - f*x)/2]172)/(c + d)1)*Sin[(-e + Pi/2 - fxx)/2]72))*(a + a*Sin[e + f*x])~
m)/ (2xf*Cos[(-e + Pi/2 - f*x)/2]°(2*m))

Maple [F] time = 0.661, size = 0, normalized size = 0.

f(a+asin(fx+e))m (c+dsin(fx+e))n (A+ C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n*x (A+Cxsin(f*x+e)~2),x)

[Out] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) "nx(A+Cxsin(f*xx+e)~2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.
2 m n
f(Csin (fx + e) + A)(asin (fx + e) + a) (dsin(fx + e) + c) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(ctd*sin(f*x+e)) "n*(A+Cxsin(f*x+e)”2),x, algor
ithm="maxima"

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*sin(f*x + e) + a) m*x(d*sin(f*x + e) + c
)7n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C cos (fx + e)z -A- C)(a sin (fx + e) + u)m(d sin (fx + e) + c)n, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(ctd*sin(f*x+e)) n*(A+Cxsin(f*x+e)”2),x, algor
ithm="fricas")

[Out] integral(-(Cxcos(f*x + e)72 - A - C)x(a*sin(f*x + e) + a) m*(d*sin(f*xx + e)
+ ¢c)”n, x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+d*sin(f*x+e))**n* (A+Cxsin(f*x+e)**2),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(ctd*sin(f*x+e)) "n* (A+Cxsin(f*x+e)”2),x, algor

ithm="giac")

[Out] Exception raised: TypeError
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310  [(a+asin(e+fx))"(c+dsin(e+fx)) 2™ (A + Csin*(e + f
Optimal. Leaf size=392

(c+d)(sin(e+f:
c+d sin(e+f

22" cos(e + £x) (cd(m +1)(A + C) + d2(=Am + Cm + C) + X(=(2Cm + O))) (asin(e + fx) + a)"! (
df (m +1)(c — d)(c + d)?

[Out] ((c™2*C + A*d~2)*Cos[e + f*x]*(a + a*Sinl[e + f*x]) m*x(c + d*Sin[e + fx*x]) (
-1 - m))/(d*(c”2 - A"2)*fx(1 + m)) - (27(1/2 + m)*ax(c*(A + C)*d*(1 + m) +
d™2x(C - Axm + C*m) - c”2x(C + 2xC+*m))*Cos[e + f*x]*Hypergeometric2F1[1/2,

1/2 - m, 3/2, ((c - A)*x(1 - Sin[e + £*x]))/(2*x(c + d*Sin[e + f*x]))]x(a + a
*Sinfe + f*x])~ (-1 + m)*(((c + A)*(1 + Sin[e + f*x]))/(c + d*Sin[e + f*x]))

“(1/2 - m))/((c - d)*d*(c + d)"2*f*(1 + m)*(c + d*Sin[e + f*x])"m) + (Sqrt[

2] #*CxAppellF1[3/2 + m, 1/2, 1 + m, 5/2 + m, (1 + Sinle + f*x])/2, -((d*x(1 +

Sinl[e + f*x]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m)*((c + d
*Sinfe + fxx])/(c - d))"m)/(ax(c - d)*d*xf*(3 + 2*m)*Sqrt[1 - Sinl[e + f*x]]*

(c + d*Sinl[e + f*x]) m)

Rubi [A] time = 0.99164, antiderivative size = 392, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 7, integrand size = 41, e T -

integrand size
0.171, Rules used = {3044, 2987, 2788, 132, 140, 139, 138}

(c+d)(sin(e+f:
c+d sin(e+f

a2m+% cos(e + fx) (cd(m +1)(A+C) +d*(-Am + Cm + C) + *(-(2Cm + C))) (asin(e + fx) +a)"! (
AF(m + e —d)c+ AP

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c + d*Sinf[e + f*x])" (-2 - m)*(A + C*Sin[e + f*x

172),x]

[Out] ((c™2+C + A*d"2)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sin[e + f*x]) (
-1 - m))/(d*(c”2 - A"2)*f*x(1 + m)) - (27(1/2 + m)*ax(cx(A + C)*d*(1 + m) +
d"2%(C - A*m + C#m) - c”2%(C + 2*Cxm))*Cos[e + f*x]*Hypergeometric2F1[1/2,

1/2 - m, 3/2, ((c - d)*(1 - Sin[e + f*x]))/(2*(c + d*Sin[e + f*x]))]*(a + a
*Sinfe + f*x])7(-1 + m)*(((c + d)*(1 + Sinf[e + f*x]))/(c + d*Sin[e + f*x]))

“(1/2 - m))/((c - d)*d*(c + d)"2xf*x(1 + m)*(c + d*Sinfe + f*x])"m) + (Sqrtl

2] *C*AppellF1[3/2 + m, 1/2, 1 + m, 5/2 + m, (1 + Sin[e + fx*x])/2, -((d*(1 +

Sin[e + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m)*((c + d
xSinfe + fxx])/(c - d))"m)/(ax(c - d)*d*f*(3 + 2*m)*Sqrt[1 - Sinf[e + f*xx]]x

(c + d*Sin[e + f*x])"m)

Rule 3044

Int[((a_) + (b_.)*sinl(e_.) + (f_)*(x_)]1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_I)*& DD (@ )*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp[((c™2*C + A*d~2)*Cos[e + f*x]*(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f
*x])"(n + 1))/(d*fx(n + 1)*(c”2 - d72)), x] + Dist[1/(b*d*x(n + 1)*(c"2 - 4~
2)), Int[(a + bxSin[e + fx*x]) " mx(c + d*Sin[e + f*x]) " (n + 1)*Simp [Axd*(axdx*
m + bxcx(n + 1)) + cxCx(axc*m + bxd*x(n + 1)) - b*x(A*d"2%(m + n + 2) + Cx(c~
2%(m + 1) + d"2x(n + 1)))*Sinle + f*x], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0] && NeQ[c™2 - 472

, 0] & 'LtQ[m, -27(-1)] && (LtQ[n, -1] || EqQm + n + 2, 0])
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Rule 2987

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)]1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*xB)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - d"2, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ[m]

Rule 132

Int[((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(n_)*((e_.) + (f_.)*(x_)
)~ (p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)*(c + d*x) " n*x(e + f*x)"(p + 1)*
Hypergeometric2F1[m + 1, -n, m + 2, -(((d*e - c*f)*(a + b*x))/((b*c - axd)*
(e + £xx)))]1)/(((b*e - axf)*(m + 1))*(((bxe - axf)*(c + d*x))/((bxc - axd)*
(e + f*x)))"n), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] & EqQm + n +
p+ 2, 0] & !'IntegerQ[n]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(bxc - ax*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - ax*xd
) + (b*xd*x)/(bxc - a*d)) nx(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*xx]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*xf))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQ[p] && GtQ[b/(b
xc - axd), 0] && !1GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*x(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - ax*f), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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(CZC + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2-d) f(1+m)
(CZC + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2 - d2) f(1 +m)

f(a +asin(e + fx))"(c + dsin(e + fx))2" (A + Csin®(e + fx)) dx =

(CZC + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2-d?) f(1+m)

(CZC + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2-d) f(1+m)

(CZC + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2-d?) f(1+m)

(02C + Adz) cos(e + fx)(a + asin(e + fx))’
d(c2-d?) f(1+m)

Mathematica [B] time = 57.0758, size = 7563, normalized size = 19.29

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*(c + d*Sinf[e + f*x])~(-2 - m)*(A + CxSin[e
+ £*x]72),x]

[Out] Result too large to show

Maple [F] time = 1.423, size = 0, normalized size = 0.
f (a + asin (fx + e))m (c +dsin ( X + e))_z_m (A +C (sin (fx + e))z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c+d*sin(f*x+e))”~ (-2-m)* (A+Cxsin(f*xx+e) "2),x)

[Out] int((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))~(-2-m)* (A+Cxsin(f*x+e)~2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))”(-2-m)* (A+Cxsin(f*x+e)”~2),x,

algorithm="maxima")
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[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

el (~(Ceos e eff - 4= Cfasin (7w + o) (dsinr2-ve) ) o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(c+d*sin(f*x+e))” (-2-m)* (A+Cxsin(f*x+e)”2),x,
algorithm="fricas")

[Out] integral(-(Cxcos(f*x + e)”2 - A - C)*(axsin(f*x + e) + a) mx(d*sin(f*x + e)
+c)"(m - 2), %)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+td*sin(f*x+e))**(-2-m)* (A+Ckxsin(f*xx+e)*%2),

x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(ctd*sin(f*x+e))”(-2-m)* (A+Cxsin(f*x+e)”~2),x,
algorithm="giac")

[Out] Timed out
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311  [(a+asin(e+fx))"(c+dsin(e+fx))¥? (A + Csin®(e + fx)

Optimal. Leaf size=385

V2(c = d) cos(e + FAARn +7) + C(5 - 2m)) + 26(2Cm + C))(asin(e + f2) + a)"yE + dsmte + FoFy (1 + 333
df(2m +1)(2m + 7)4/1 - sin(e + fx) /w

[Out] (-2*%C*Cos[e + f*xx]*(a + a*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(5/2))/(d*fx*
(7 + 2xm)) + (Sqrt[2]*(c - d)*x(2xc*(C + 2%C*km) + d*x(Cx(5 - 2*m) + A*x(7 + 2%
m)))*AppellF1[1/2 + m, 1/2, -3/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 +

Sinle + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*Sqrtl[c + d*Sin

[e + £*x]])/(d*xf*x(1 + 2*m)*(7 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt[(c + d*Sin

[e + £*x])/(c - d)]) + (2%Sqrt[2]*C*x(c - d)*(d*m - c*(1 + m))*AppellF1[3/2

+m, 1/2, -3/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e + f*x]))/(c

- d))]*Cos[e + fxx]*(a + axSin[e + f*x])~(1 + m)*Sqrtlc + dxSinl[e + f*xx]])/
(axd*f*(3 + 2*m)*(7 + 2*m)*Sqrt[1 - Sin[e + fxx]]*Sqrt[(c + d*Sin[e + f*xx])

/(c - dD)

Rubi [A] time = 0.973582, antiderivative size = 384, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 39, number of rules

= 0.154, Rules used = {3046, 2987, 2788, 140, 139, 138}

integrand size

NI

V2(c - d) cos(e + fxX)(AdQ2m +7) + 2c(2Cm + C) + Cd(5 — 2m))(asin(e + fx) + a)m\/c +dsin(e + fx)F; (m + %;

df @m +1)@m + 7)1 - sine + fr)y Sl

Antiderivative was successfully verified.

[In] Int[(a + ax*Sin[e + f*x]) m*x(c + d*Sinf[e + f*x])~(3/2)*(A + CxSinl[e + fx*x]~2
), x]

[Out] (-2*%CxCos[e + fxx]*(a + axSin[e + f*x]) mx(c + d*Sinl[e + f*x])~(5/2))/(d*xfx*
(7 + 2xm)) + (Sqrt[2]*(c - d)*x(Cxd*(5 - 2*m) + A*xd*(7 + 2*m) + 2*c*x(C + 2*C

*m) ) *AppellF1[1/2 + m, 1/2, -3/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 +

Sin[e + f*x]))/(c - d))]*Cos[e + f*x]x(a + a*Sin[e + fx*x]) m*Sqrt[c + d*Sin

le + fxx]])/(d*f*x(1 + 2*xm)*(7 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt[(c + d*Sin

[e + f*xx])/(c - d)]) + (2*%Sqrt[2]*Cx(c - d)*(d*m - c*(1 + m))*AppellF1[3/2

+m, 1/2, -3/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e + fx*xx]))/(c

- d))]*Cos[e + fxx]*(a + axSin[e + fxx])~(1 + m)*Sqrtlc + d*Sinl[e + f*x]])/
(axd*f*(3 + 2*m)*(7 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt[(c + d*Sin[e + f*x])

/(c = 1)

Rule 3046

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*&DD"(_)*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp [(C*Cos[e + f*x]x(a + b*Sin[e + f*x]) m*(c + d*Sin[e + fxx])~(n + 1))

/(d*fx(m + n + 2)), x] + Dist[1/(b*d*(m + n + 2)), Int[(a + b*Sin[e + fxx])

“m*(c + d*Sin[e + f*x]) " n*Simp[A*xb*d*x(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

+ Cx(axd*m - b*ckx(m + 1))*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0] && NeQ[c™2 -

d"2, 0] && !'LtQ[m, -2°(-1)] && NeQ[m + n + 2, 0]

Rule 2987
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)1*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])™n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 4”2, 0] && NeQ[A*b + ax*B, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)]1)"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinfe + f*x]]), Subst[Int[((a + b*x)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - b*x], x], x, Sinle + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b72, 0] && NeQ[c™2 - d"2, 0] &&

I IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(bxc - ax*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - axd
) + (bxd*x)/(b*c - a*d)) nx(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(b*c - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*xf))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] & !'IntegerQ[m] && !IntegerQ[n] && 'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !1GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((dx(a + b*x))/(bxc - axd)), -((fx(a + b*x))/(b*e - a*xf))])/(bx(m + 1)*(b/
(bxc - a*d)) "nx(b/(b*e - axf))"p), x] /; FreeQl{a, b, ¢, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - ax*f), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + b*xx]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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2Ccos(e + fx)(a + asin(e + fx))"(c + d sin
- df(7 + 2m)
_ 2Ccos(e+ fx)(a+asin(e + fx))"(c +dsin
T df(7 + 2m)

f(a +asin(e + fx))"™(c + dsin(e + fx))¥? (A + Csin®(e + fx)) dx =

_ 2Ccos(e+ fx)(a +asin(e + fx))"(c +dsin
T df (7 +2m)

_ 2Ccos(e+ fx)(a +asin(e + fx))"(c +dsin
T df (7 +2m)

_ 2Ccos(e+ fx)(a+asin(e + fx))"(c +dsin
T df (7 +2m)

_ 2Ccos(e+ fx)(a +asin(e + fx))"(c +dsin
T df (7 +2m)

Mathematica [B] time = 18.3122, size = 4492, normalized size = 11.67

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*(c + d*Sin[e + f*x])~(3/2)*(A + C+Sin[e +
£*x]72) ,x]

[Out] (((4*Axd*AppellF1([3/2, (1 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]172,
(2xd*Sin[(-e + Pi/2 - £f*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - fx*x)/2]7(-1 + 2%
m)*(Cos[(-e + Pi/2 - £*x)/2]72)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - fx*x)/2]73*(1
- Sin[(-e + Pi/2 - £xx)/2]72)"((1 - 2*m)/2 + (-1 + 2*m)/2)*Sqrtlc + d - 2%
d*xSin[(-e + Pi/2 - fxx)/2]72])/(3*Sqrt[(c + d - 2*d*Sin[(-e + Pi/2 - f*x)/2
172)/(c + d)1) + (Cxd*AppellF1[3/2, (1 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2
- £xx)/2]72, (2%d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - fx*x
)/2]7 (-1 + 2xm)*(Cos[(-e + Pi/2 - £*x)/2]72)"((1 - 2*m)/2)*Sin[(-e + Pi/2 -
fxx)/2]73*%(1 - Sin[(-e + Pi/2 - £x*x)/2]72)"((1 - 2*m)/2 + (-1 + 2*m)/2)*Sq
rtlc + d - 2xd*Sin[(-e + Pi/2 - fx*x)/2]72])/Sqrt[(c + d - 2*d*Sin[(-e + Pi/
2 - f*x)/2]172)/(c + d)] - (2%cxC*AppellF1[5/2, (1 - 2xm)/2, -1/2, 7/2, Sin[
(-e + Pi/2 - f*x)/2]72, (2*xd*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]*Cos[(-e +
Pi/2 - £xx)/2]7(-1 + 2#m)*(Cos[(-e + Pi/2 - £xx)/2]172)"((1 - 2xm)/2)*Sin[(
-e + Pi/2 - fxx)/2]75%(1 - Sin[(-e + Pi/2 - £*x)/2]172)"((1 - 2*m)/2 + (-1 +
2xm) /2)*Sqrt[c + d - 2*d*Sin[(-e + Pi/2 - fxx)/2]72])/(6xSqrt[(c + d - 2xd
xSin[(-e + Pi/2 - £*xx)/2]72)/(c + d)]) + (Cxd*AppellF1[7/2, (1 - 2*m)/2, -1
/2, 9/2, Sin[(-e + Pi/2 - fxx)/2]172, (2xd*Sin[(-e + Pi/2 - fx*x)/2]72)/(c +
d)]1*Cos[(-e + Pi/2 - fxx)/2]7(-1 + 2*m)*(Cos[(-e + Pi/2 - fx*x)/2]172)"((1 -
2*m) /2)*Sin[(-e + Pi/2 - £*x)/2]77*(1 - Sin[(-e + Pi/2 - £*x)/2]72)"((1 - 2
*m)/2 + (-1 + 2*m)/2)*Sqrt[c + d - 2xd*Sin[(-e + Pi/2 - f*x)/2]17°2])/(7*Sqrt
[(c + d - 2xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]) + (4*c*xCxAppellF1[3/2,
(-1 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2 - fxx)/2]72, (2*d*Sin[(-e + Pi/2 -
fxx)/2]172)/(c + d)1*Cos[(-e + Pi/2 - f*x)/2]1°(1 + 2*m)*(Cos[(-e + Pi/2 - fx
x)/2]172)7((-1 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2]73x(1 - Sin[(-e + Pi/2 - f*
x)/2172)7((-1 - 2*m)/2 + (1 + 2*m)/2)*Sqrt[c + d - 2*d*Sin[(-e + Pi/2 - f*x
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)/217°2])/Sqrt[(c + d - 2*d*Sin[(-e + Pi/2 - £*x)/2]72)/(c + d)] - (3*Cxdx*Ap
pellF1[5/2, (-1 - 2*m)/2, -1/2, 7/2, Sin[(-e + Pi/2 - £*x)/2]72, (2*d*Sin[(
-e + Pi/2 - fxx)/2]72)/(c + d)]*Cos[(-e + Pi/2 - f*x)/2]°(1 + 2*m)*(Cos[(-e
+ Pi/2 - £%x)/2]172)7((-1 - 2*m)/2)*Sin[(-e + Pi/2 - £*x)/2]75*(1 - Sin[(-e
+ Pi/2 - £xx)/2]172)7((-1 - 2*m)/2 + (1 + 2*m)/2)*Sqrtlc + d - 2*d*Sin[(-e
+ Pi/2 - £*x)/2]172])/Sqrtl[(c + d - 2*%d*Sin[(-e + Pi/2 - fxx)/2]72)/(c + d)]
+ (5*%Cxd*xAppellF1[3/2, (-3 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2 - fx*x)/2]72
, (2%d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]1#*Cos[(-e + Pi/2 - f*x)/2]°(3 + 2
*m)*(Cos[(-e + Pi/2 - £x*x)/2]72)"((-3 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2] 3%
(1 - Sin[(-e + Pi/2 - £*x)/2]72)7((-3 - 2*m)/2 + (3 + 2xm)/2)*Sqrtlc + d -
2xd*xSin[(-e + Pi/2 - fx*x)/2]172])/Sqrt[(c + d - 2*d*Sin[(-e + Pi/2 - fxx)/2]
~2)/(c + d)] + (3*Cxd*(c + d)*AppellF1[1/2, -5/2 - m, -1/2, 3/2, Sin[(-e +
Pi/2 - fxx)/2]72, (2%d*Sin[(-e + Pi/2 - fx*x)/2]72)/(c + d)]1*Cos[(-e + Pi/2
- f*x)/2]7(5 + 2*m)*(Cos[(-e + Pi/2 - £xx)/2]172)"(1/2 + (-6 - 2*m)/2)*Sin[(
-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - £*x)/2]72)"(5/2 + m)*Sqrtlc + d -
2%d*Sin[(-e + Pi/2 - £*x)/2]172])/(-3*(c + d)*AppellF1[1/2, -5/2 - m, -1/2,
3/2, Sin[(-e + Pi/2 - f*x)/2]172, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]"2)/(c + d)]
+ (2+d*AppellF1[3/2, -5/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*
Sin[(-e + Pi/2 - f*x)/2]172)/(c + )] + (c + d)*(5 + 2xm)*AppellF1[3/2, -3/2
- m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2+%d*Sin[(-e + Pi/2 - fx*x)/2]"
2)/(c + dA)1)*Sin[(-e + Pi/2 - fx*x)/2]72) + (6*c*Cx(c + d)*AppellF1[1/2, -3/
2 -m, -1/2, 3/2, Sin[(-e + Pi/2 - fx*x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]
~2)/(c + d)]1*Cos[(-e + Pi/2 - £xx)/2]7(3 + 2*m)*(Cos[(-e + Pi/2 - fxx)/2]72
)7(1/2 + (-4 - 2#m)/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - f*x)/
2]172)7(3/2 + m)*Sqrtlc + d - 2xd*Sin[(-e + Pi/2 - £*x)/2]172])/(-3*(c + d)*A
ppellFi[1/2, -3/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e
+ Pi/2 - fxx)/2]172)/(c + d)] + (2xd*AppellF1[3/2, -3/2 - m, 1/2, 5/2, Sin[(
-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2 - fx*x)/2]172)/(c + )] + (c + d)*
(3 + 2#m)*AppellF1[3/2, -1/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2
xd*Sin[(-e + Pi/2 - £x*x)/2]172)/(c + d)]1)*Sin[(-e + Pi/2 - f*x)/2]72) + (12%
Axd*(c + d)*AppellF1[1/2, -1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]72,
(2%d*Sin[(-e + Pi/2 - £*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - f*x)/2]7(1 + 2*m
)*(Cos[(-e + Pi/2 - £*x)/2]172)"(1/2 + (-2 - 2*m)/2)*Sin[(-e + Pi/2 - fxx)/2
Ix(1 - Sin[(-e + Pi/2 - £*x)/2]72)7(1/2 + m)*Sqrtlc + d - 2*d*Sin[(-e + Pi/
2 - £*x)/2]172])/(-3*%(c + d)*AppellF1[1/2, -1/2 - m, -1/2, 3/2, Sin[(-e + Pi
/2 - £xx)/2]72, (2*d*Sin[(-e + Pi/2 - fxx)/2]72)/(c + d)] + (2xd*AppellF1([3
/2, -1/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2*d*Sin[(-e + Pi/2 - f
xx)/2]172)/(c + )] + (c + d)*(1 + 2#m)*AppellF1[3/2, 1/2 - m, -1/2, 5/2, Si
n[(-e + Pi/2 - £*x)/2]72, (2xd*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]1)*Sin[(-
e + Pi/2 - £*x)/2]72) + (9xC*d*x(c + d)*AppellF1[1/2, -1/2 - m, -1/2, 3/2, S
in[(-e + Pi/2 - f*x)/2]72, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]172)/(c + d)]1*Cos[(-
e + Pi/2 - £*x)/2]17(1 + 2#m)*(Cos[(-e + Pi/2 - £x*x)/2]172)"(1/2 + (-2 - 2xm)
/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - £x*x)/2]72)"(1/2 + m)*Sqr
tlc + d - 2xd*Sin[(-e + Pi/2 - fxx)/2]72])/(-3x(c + d)*AppellF1[1/2, -1/2 -
m, -1/2, 3/2, Sin[(-e + Pi/2 - fxx)/2]72, (2*xd*Sin[(-e + Pi/2 - fx*x)/2]72)
/(c + d)] + (2xd*AppellF1[3/2, -1/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - fxx)/2]
=2, (2*%d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + )] + (c + d)*(1 + 2*m)*AppellF1[
3/2, 1/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]1°2, (2*d*Sin[(-e + Pi/2 -
f*x)/2172)/(c + d)1)*Sin[(-e + Pi/2 - £*x)/2]72) - (12*A*c*x(c + d)*AppellF1
[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2+d*Sin[(-e + Pi/2 -
f*x)/2]1°2)/(c + d)]*Cos[(-e + Pi/2 - f*x)/2]"° (-1 + 2*m)*(Cos[(-e + Pi/2 -
f*x)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 - fxx)/2]*(1 - Sin[(-e + Pi/2 - f*x)/2]
"2)7(-1/2 + m)*Sqrtc + d - 2+d*Sin[(-e + Pi/2 - £*x)/2]72])/(3*(c + d)*App
ellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2xd*Sin[(-e + P
i/2 - £*x)/2172)/(c + d)] - (2*d*AppellF1[3/2, 1/2 - m, 1/2, 5/2, Sin[(-e +
Pi/2 - f*x)/2]172, (2*%d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + A)] + (c + d)*(-1
+ 2x%m) *AppellF1[3/2, 3/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2*dxS
in[(-e + Pi/2 - £*x)/2]172)/(c + d)]1)*Sin[(-e + Pi/2 - £xx)/2]72) - (6*cxCx*(
c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - £x*x)/2]72, (2%xd*S
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in[(-e + Pi/2 - £f*x)/2]72)/(c + d)]1*Cos[(-e + Pi/2 - fx*x)/2]7 (-1 + 2*m)*(Co
s[(-e + Pi/2 - £f*x)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]1*(1 - Sin[(-e +
Pi/2 - £xx)/2]72)"(-1/2 + m)*Sqrtlc + d - 2*d*Sin[(-e + Pi/2 - f*x)/2]72])
/(3%(c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sinl[(-e + Pi/2 - fx*x)/2]72, (
2*%d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)] - (2%d*AppellF1[3/2, 1/2 - m, 1/2,
5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2 - £x*xx)/2]72)/(c + d)]
+ (c + d)*(-1 + 2*m)*AppellF1[3/2, 3/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - fx
x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]1)*Sin[(-e + Pi/2 - fx*x)/2
172))*(a + axSin[e + f*x])"m)/(2*xf*Cos[(-e + Pi/2 - f*x)/2]"(2+*m))

Maple [F] time = 0.675, size = 0, normalized size = 0.

f(a+asin(fx+e))m (c+dsin(fx+e)); (A+C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c+d*sin(fxx+e)) " (3/2)*(A+Cxsin(f*x+e)~2),x)

[Out] int((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))~(3/2)* (A+Cxsin(f*x+e)~2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.
f(Csin (fx + 6)2 + A)(dsin (fx + e) + c)g(asin (fx + e) + a)mdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(c+d*sin(f*x+e)) " (3/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="maxima")

[Out] integrate((Ckxsin(f*x + e)”2 + A)*(d*sin(f*x + e) + c)~(3/2)*(a*sin(f*x + e)
+ a)m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(Cc cos (fx + 6)2 -(A+Q)c+ (Cd cos (fx + e)z -(A+ C)d) sin (fx + e))\/d sin (fx + e) + c(a sin (fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e)) m*(c+d*sin(f*x+e))”~(3/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="fricas")

[Out] integral(-(Ckcxcos(f*x + e)”2 - (A + C)*c + (Cxd*xcos(f*x + e)”2 - (A + C)xd
)*sin(f*x + e))*sqrt(d*sin(f*x + e) + c)*(a*sin(f*x + e) + a)”m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+d*sin(f*x+e))**(3/2)*(A+Cxsin(f*x+e)**2),x

)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+ta*sin(f*x+e)) m*(c+d*sin(f*x+e))”(3/2)*(A+Cxsin(f*x+e)”2),x, a
lgorithm="giac")

[Out] Timed out
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312  [(a+asin(e+fx))"c +dsin(e + fx) (A + Csin*(e + fx;

Optimal. Leaf size=375

101

\/Ecos(e + fx)(d(A@2m + 5) + C(3 — 2m)) + 2¢(2Cm + C))(asin(e + fx) + a)m\/c +dsin(e + fx)F; (m + %, > 5

df @m +1)@m +5)\T - sine + fr)y| “ L2

[Out] (-2*%C*Cos[e + fxx]*(a + a*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(3/2))/(d*xfx*
(6 + 2xm)) + (Sqrt[2]*(2*%cx(C + 2*C*m) + d*(C*(3 - 2*m) + Ax(5 + 2xm)))*App
ellF1[1/2 + m, 1/2, -1/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e +
fxx]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*Sqrt[c + d*Sinf[e + fx*x
11)/@@*fx(1 + 2fm)*(5 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt[(c + d*Sin[e + f*x

1)/(c - d)]) + (2xSqrt[2]*Cx(d*m - c*(1 + m))*AppellF1[3/2 + m, 1/2, -1/2,

5/2 + m, (1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + f
*x]*(a + axSinfe + f*x])~(1 + m)*Sqrtlc + d*Sinl[e + f*x]])/(axd*f*(3 + 2*m)

*(5 + 2xm)*Sqrt[1 - Sin[e + fxx]]1*Sqrt[(c + d*Sin[e + f*x])/(c - d)])

Rubi [A] time = 0.862876, antiderivative size = 374, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 39, number of rules

= 0.154, Rules used = {3046, 2987, 2788, 140, 139, 138}

integrand size

V2 cos(e + fx)(Ad(2m + 5) + 2c(2Cm + C) + Cd(3 — 2m))(asin(e + fx) + a)"y/c + dsin(e + fx)F; (m + %; %, Lom

2/
df @m +1)(@m +5)\1 - sine + fr)y) Sl

Antiderivative was successfully verified.

[In] Int[(a + axSin[e + fx*x]) m*Sqrt[c + d*Sin[e + fxx]]*(A + C*Sin[e + f*x]~2),
x]

[Out] (-2*%C*Cos[e + f*xx]*(a + a*Sin[e + f*x]) mx(c + d*Sinf[e + f*x])~(3/2))/(d*fx*
(6 + 2xm)) + (Sqrt[2]*(Cxd*x(3 - 2*m) + A*d*(5 + 2xm) + 2xc*(C + 2xC*m))*App
ellF1[1/2 + m, 1/2, -1/2, 3/2 + m, (1 + Sinl[e + f*x])/2, -((d*(1 + Sin[e +
f*x]))/(c - d))]*Cos[e + fxx]*(a + a*Sin[e + f*x]) m*Sqrt[c + d*Sin[e + f*x
11)/(a*fx(1 + 2*m)*(5 + 2*m)*Sqrt[1 - Sin[e + fxx]]*Sqrt[(c + d*Sin[e + fx*x
1)/(c - d)]) + (2xSqrt[2]*Cx(d*m - c*(1 + m))*AppellF1[3/2 + m, 1/2, -1/2,

5/2 + m, (1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + £
xx]*(a + axSin[e + f*x])~(1 + m)*Sqrtlc + d*Sinf[e + f*xx]])/(a*xd*xf*(3 + 2xm)

*(5 + 2xm)*Sqrt[1 - Sinl[e + fxx]]1*Sqrt[(c + d*Sin[e + f*x])/(c - d)])

Rule 3046

Int[((a_) + (b_.)*sinl(e_.) + (£_D)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*&DD " (_)*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp[(C*Cos[e + f*xx]*(a + b*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(n + 1))

/(dxfx(m + n + 2)), x] + Dist[1/(b*d*x(m + n + 2)), Int[(a + b*Sin[e + f*x])

“m*(c + d*Sin[e + fx*x]) " n*Simp[A*xb*d*x(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

+ Cx(axd*m - b*ckx(m + 1))*Sin[e + fxx], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m, n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a"2 - b2, 0] && NeQ[c~2 -

d"2, 0] && !'LtQ[m, -2°(-1)] && NeQ[m + n + 2, 0]

Rule 2987

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)])"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)D*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
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st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*x(c + d*Sinf[e + f*x])™n, x], x]

+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[a
“2 - b~2, 0] && NeQ[c™2 - 472, 0] && NeQ[Axb + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*x(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Jx(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ fxx]]*Sqrt[a - b*Sin[e + f*x]]), Subst[Int[((a + bxx)"(m - 1/2)*(c + d*x
)"n)/Sqrtla - bxx], x], x, Sinle + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c~2 - 472, 0] &%

' IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - ax*d)) IntPart[n]*
((bx(c + dx*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*c)/(b*c - axd
) + (b*d*x)/(bxc - a*d)) n*(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p]l && !'GtQ[b/
(bxc - a*d), 0] && !'SimplerQ[c + d*x, a + b*x] && !SimplerQ[e + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f#*x) FracPart[pl/((b/(bxe - axf)) IntPart[p]*
((bx(e + f*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && GtQ[b/ (b
xc — axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*x(a + b*x))/(b*c - axd)), -((f*x(a + b*x))/(b*xe - a*xf))])/(bx(m + 1)*(b/
(b*xc - a*d)) "n*x(b/(bxe - axf))”"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, pl},
x] && !IntegerQ[m] && !'IntegerQ[n] &% !'IntegerQ[p] && GtQ[b/(b*c - a*xd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*xa - c*b), 0] && GtQ[d/(dxe - ¢
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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_2C cos(e + fx)(a + asin(e + fx))"(c + dsin(e

f(a +a sin(e + fx))m\/c +d sin(e + fx) (A +C Sinz(e + fx)) dx = df(5 + Zm)

3 _2C cos(e + fx)(a + asin(e + fx))"(c + dsin(e

B df (5 +2m)

__2Ccos(e+ fx)(a+ asin(e + fx))"™(c + dsin(e

Bl df (5 + 2m)

3 _2C cos(e + fx)(a + asin(e + fx))"(c + dsin(e

- df (5 + 2m)

_2C cos(e + fx)(a + asin(e + fx))"(c + dsin(e

B df (5 +2m)

_ . 2C cos(e + fx)(a + asin(e + fx))"(c + dsin(e

B Af (5 + 2m)

Mathematica [B] time = 7.75856, size = 1874, normalized size = 5.

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*Sqrt[c + d*Sin[e + fxx]]*(A + CxSin[e + fx
x]72) ,x]

[Out] (((-2%CxAppellF1[5/2, (1 - 2*m)/2, -1/2, 7/2, Sin[(-e + Pi/2 - f*x)/2]°2, (
2xd*xSin[(-e + Pi/2 - f*x)/2]172)/(c + d)]1*Cos[(-e + Pi/2 - fx*x)/2]" (-1 + 2*m
)*(Cos[(-e + Pi/2 - £*x)/2]172)"((1 - 2#m)/2)*Sin[(-e + Pi/2 - f*x)/2]75x(1
- Sin[(-e + Pi/2 - fxx)/2]172)"((1 - 2*m)/2 + (-1 + 2*m)/2)*Sqrtlc + d - 2*d
xSin[(-e + Pi/2 - fxx)/2]72])/(6%Sqrt[(c + d - 2*d*Sin[(-e + Pi/2 - fxx)/2]
~2)/(c + d)1) + (4xCxAppellF1[3/2, (-1 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2
- £xx)/2]72, (2%d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - fx*x
)/217(1 + 2#m)*(Cos[(-e + Pi/2 - £*x)/2]172)"((-1 - 2xm)/2)*Sin[(-e + Pi/2 -
fxx)/2]73*%(1 - Sin[(-e + Pi/2 - £x*x)/2]72)"((-1 - 2*m)/2 + (1 + 2*m)/2)*Sq
rtlc + d - 2xd*Sin[(-e + Pi/2 - fx*x)/2]72])/Sqrt[(c + d - 2*d*Sin[(-e + Pi/
2 - f*x)/2]172)/(c + d)] + (6%Cx(c + d)*AppellF1[1/2, -3/2 - m, -1/2, 3/2, S
in[(-e + Pi/2 - f*x)/2]72, (2*xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]*Cos[(-
e + Pi/2 - £*x)/2]7(3 + 2#m)*(Cos[(-e + Pi/2 - £x*x)/2]172)"(1/2 + (-4 - 2xm)
/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - f*x)/2]172)7(3/2 + m)*Sqr
tlc + d - 2%d*Sin[(-e + Pi/2 - f*x)/2]172])/(-3*%(c + d)*AppellF1[1/2, -3/2 -
m, -1/2, 3/2, Sin[(-e + Pi/2 - fxx)/2]72, (2*xd*Sin[(-e + Pi/2 - fx*x)/2]72)
/(c + d)] + (2xd*AppellF1([3/2, -3/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - fxx)/2]
=2, (2*%d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)] + (c + d)*(3 + 2*m)*AppellF1[
3/2, -1/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2 -
fxx)/2]72)/(c + d)1)*Sin[(-e + Pi/2 - £*x)/2]172) - (12%Ax(c + d)*AppellF1[
1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2xd*Sin[(-e + Pi/2 -
fxx)/2]1°2)/(c + d)]1*Cos[(-e + Pi/2 - fx*x)/2]" (-1 + 2*m)*(Cos[(-e + Pi/2 - f
*xx)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - fx*x)/2]"
2)7(-1/2 + m)*Sqrtlc + d - 2*d*Sin[(-e + Pi/2 - £xx)/2]72])/(3x(c + d)*Appe
11F1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]1"2, (2*d*Sin[(-e + Pi



70

/2 - £xx)/2172)/(c + d)] - (2%d*AppellF1[3/2, 1/2 - m, 1/2, 5/2, Sin[(-e +
Pi/2 - fxx)/2]72, (2xd*Sin[(-e + Pi/2 - fx*x)/2]1"2)/(c + d)] + (c + d)*(-1 +
2#m)*AppellF1[3/2, 3/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2%dxSi
nl(-e + Pi/2 - £*x)/2]72)/(c + A)1)*Sin[(-e + Pi/2 - £*x)/2]72) - (6*Cx(c +
d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - £*x)/2]72, (2*d*Sin[
(e + Pi/2 - f*x)/2]172)/(c + d)]1*Cos[(-e + Pi/2 - f*x)/2]7 (-1 + 2*m)*(Cos[(
-e + Pi/2 - f*x)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi
/2 - £xx)/2]72)"(-1/2 + m)*Sqrt[c + d - 2*d*Sin[(-e + Pi/2 - fxx)/2]72])/(3
*(c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2xd
*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)] - (2xdxAppellF1[3/2, 1/2 - m, 1/2, 5/
2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2 - f*x)/2]1°2)/(c + d)] +
(c + d)*(-1 + 2xm)*AppellF1[3/2, 3/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - fxx)/
2172, (2*%d*Sin[(-e + Pi/2 - £x*x)/2]172)/(c + d)1)*Sin[(-e + Pi/2 - f*x)/2]"2
))*(a + a*Sin[e + f*xx]) m)/(2xf*Cos[(-e + Pi/2 - fx*x)/2] " (2*m))

Maple [F] time = 0.644, size = 0, normalized size = 0.

f(a +asin (fx + e))m \/c +d sin (fx + e) (A +C (Sin (fx + e))z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c+d*sin(fxx+e))~(1/2)*(A+Cxsin(f*x+e)~2),x)

[Out] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) " (1/2)* (A+Cxsin(f*x+e)”2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2 m
f (C sin (fx + e) + A)\/d sin (fx + e) + c(a sin (fx + e) + a) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))~(1/2)*(A+Cxsin(f*x+e)”2),x, a
lgorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + A)*sqrt(d*sin(f*x + e) + c)*(a*sin(f*x + e) +
a)"m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C cos (fx + e)z -A- C)\/d sin (fx + e) + c(a sin (fx + e) + a)m,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))~(1/2)* (A+C*xsin(f*x+e)”2),x, a
lgorithm="fricas")

[Out] integral(-(Ckxcos(f*x + e)”2 - A - C)*sqrt(d*sin(f*x + e) + c)*(axsin(fx*x +
e) + a)’m, x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*xx+e))**m* (c+d*sin(f*xx+e))**(1/2)* (A+C*xsin(f*x+e)**2),x

)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*xx+e))~(1/2)*(A+C*xsin(f*x+e)”2),x, a
lgorithm="giac")

[Out] Timed out
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3.13 dx

‘f(a+a$n@+fx»m(A+CsH3@+fx»
ye+d sin(e+fx)
Optimal. Leaf size=365

V2 cos(e + fx)(d(A@2m +3) —2Cm + C) + 2¢(2Cm + C))(asin(e + fx) + a)mw/%ﬂ (m + %; %, %;m + g; %(sin
df(2m +1)(2m + 3)4/1 — sin(e + fx)4/c + dsin(e + fx)

[Out] (-2*%C*Cos[e + fxx]*(a + a*Sin[e + f*x]) m*Sqrtl[c + d*Sin[e + f*xx]])/(d*f*(3
+ 2#m)) + (Sqrt[2]*(2xc*(C + 24C*m) + d*(C - 2*C*xm + A*(3 + 2*m)))*AppellF

1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sinl[e + f*x])

)/(c - d))]*Cos[e + fxx]*(a + axSin[e + f*x]) m*Sqrt[(c + d*Sin[e + fx*xx])/(

c - d)])/(@*f*x(1 + 2*m)*(3 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt[c + d*Sinl[e +
fxx]]) - (2%Sqrt[2]*Cx(c + c*m - d*m)*AppellF1[3/2 + m, 1/2, 1/2, 5/2 + m,

(1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + f*xx]*(a +
axSinfe + f*x])~(1 + m)*Sqrt[(c + d*Sinle + f*xx])/(c - d)])/(axd*xf*x(3 + 2%
m) “2xSqrt[1 - Sinf[e + f*x]]*Sqrtl[c + d*Sinl[e + fxx]])

Rubi [A] time = 0.869981, antiderivative size = 365, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 39, number of rules

= 0.154, Rules used = {3046, 2987, 2788, 140, 139, 138}

integrand size

c

V2 cos(e + fx)(d(A@m +3) = 2Cm + C) + 2¢(2Cm + C)(asin(e + fx) + a)"y| eI p, (m 255 2 (sin
df(2m +1)(2m + 3)4/1 — sin(e + fx)+/c + dsin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*x(A + CxSinl[e + fx*x]72))/Sqrtlc + d*Sin[e + fx*x]
1,x]

[Out] (-2*%C*Cos[e + f*x]x(a + a*Sin[e + f*x]) mxSqrtl[c + d*Sin[e + f*x]])/(d*f*(3
+ 2xm)) + (Sqrt[2]*(2xcx(C + 2xC+m) + d*(C - 2*Ckxm + A*(3 + 2+*m)))*AppellF

1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sinl[e + f*x])/2, -((d*(1 + Sin[e + fx*x])

)/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*Sqrt[(c + d*Sinl[e + f*x])/(

c - d)1)/(@*xfx(1 + 2*m)*(3 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrtlc + d*Sin[e +
fxx]]) - (2%Sqrt[2]*Cx(c + c*m - d*m)*AppellF1[3/2 + m, 1/2, 1/2, 5/2 + m,

(1 + Sin[e + fxx])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + fxx]*(a +
axSinf[e + f*xx])7(1 + m)*Sqrt[(c + d*Sinle + f*x])/(c - d)])/(a*xdxf*x(3 + 2%

m) "2xSqrt[1 - Sin[e + fxx]]*Sqrtlc + d*Sinl[e + fx*x]])

Rule 3046

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*& DD (_)*((A_.) + (C_.)*xsin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp[(C*Cos[e + f*x]*(a + b*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(n + 1))

/(@xfx(m + n + 2)), x] + Dist[1/(b*d*x(m + n + 2)), Int[(a + b*Sin[e + f*x])

“m*(c + d*Sin[e + fx*x]) " n*Simp[A*xb*d*x(m + n + 2) + Cx(a*xc*m + bxd*(n + 1))

+ Cx(axd*m - b*ckx(m + 1))*Sin[e + fxx], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m, n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a"2 - b2, 0] && NeQ[c~2 -

d"2, 0] && !'LtQ[m, -2°(-1)] && NeQ[m + n + 2, 0]

Rule 2987

Int[((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)])"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)D*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
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st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*x(c + d*Sinf[e + f*x])™n, x], x]

+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[a
“2 - b~2, 0] && NeQ[c™2 - 472, 0] && NeQ[Axb + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ fxx]]*Sqrt[a - b*Sin[e + f*x]]), Subst[Int[((a + bxx)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - bxx], x], x, Sinle + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] && NeQ[c~™2 - 472, 0] &%

' IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((bx(c + dxx))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*c)/(b*c - axd
) + (b*d*x)/(bxc - a*d)) n*(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQ[pl && !'GtQ[b/
(bxc - a*d), 0] && !'SimplerQ[c + d*x, a + b*x] && !SimplerQ[e + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f#*x) FracPart[pl/((b/(bxe - axf)) IntPart[p]=*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (bxe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && GtQ[b/ (b
xc — axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*x(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(bx(m + 1)*(b/
(b*xc - a*d)) "n*x(b/(bxe - axf))”"p), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, pl},
x] && !IntegerQ[m] && !'IntegerQ[n] &% !'IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(dxe - ¢
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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(a+asin(

f (a +asin(e + fx))" (A + Csin®(e + fx)) = _2C cos(e + fx)(a + asin(e + fx))"\/c + dsin(e + fx) N 2

e +dsin(e + fx) df (3 +2m)

B _2C cos(e + fx)(a + asin(e + fx))m\/c +dsin(e + fx) N

(2C(dm -

- df (3 + 2m)

_2Ccos(e + fx)(a +asin(e + fx))"yJc +dsin(e + fx) .\

(2aC(dm -

B df (3 +2m)

(\/EaC(dm

2Ccos(e + fx)(a + asin(e + fx))’”\/c +dsin(e + fx)
B df (3 + 2m) "

B _2C cos(e + fx)(a + asin(e + fx))m\/c +dsin(e + fx) N

(\/EaC(dm

- df(3 +2m)

V2(2¢(C +

_ 2Ccos(e + fx)(a +asine + fx))m\/c +dsin(e + fx)
= Af (3 + 2m) "

Mathematica [B] time = 31.5073, size = 9652, normalized size = 26.44

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) m*x(A + C*Sin[e + f*x]~2))/Sqrt[c + dxSin[e
+ f*x]],x]

[Out] Result too large to show

Maple [F] time = 9.007, size = 0, normalized size = 0.

1

f(a+asin(fx+e))m(A+C(sin(fx+e)) )\/C+dsm(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ax*sin(f*x+e)) m* (A+C*sin(f*xx+e) ~2)/(c+d*sin(f*x+e))~(1/2),x)

[Out] int((ata*sin(f*x+e)) m*x(A+Cxsin(f*x+e)”~2)/(c+d*sin(fxx+e))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(Csin (fx+e)2 +A)(asin( x +e) + a)m

| dx

\/dsin(fx+e) +c
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="maxima"

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*xsin(f*x + e) + a) m/sqrt(d*sin(f*x + e)
+¢), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 —A—C)(usin(fx+e) +a)m
integral | - , X

\/dsin(fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(A+Cksin(f*x+e) 2)/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-(Cxcos(f*x + e)72 - A - C)*(a*xsin(f*x + e) + a) m/sqrt(d*sin(f*x
+e) +c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+C*xsin(f*x+e)**2)/(c+td*sin(f*x+e))**(1/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + e)z + A)(a sin (fx + e) + a)m

f dx

\/dsin(fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + A)*(a*sin(f*x + e) + a) m/sqrt(d*sin(f*x + e)
+c), x)
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‘f(a+a$n@+fx»m(A+CsH3@+fx»

(c+d sin(e+fx))3/2

3.14 dx

Optimal. Leaf size=413

V2cos(e + fx) (cd(A + C) ~ d2(4Am + A~ C) - 222Cm + C)) (asin(e + fx) + )"y eI, (m iy
df@m +1) (c2 - d2) 1 = sin(e + fx)/c +dsine + fx)

[Out] (2x(c™2#C + A*d"2)*Cos[e + fxx]x(a + a*Sinf[e + f*x])"m)/(d*x(c”2 - d72)*f*Sq
rt[c + d*Sinle + f*xx]]) + (Sqrt[2]*(c*x(A + C)*d - d™2%(A - C + 4xA*m) - 2%*c

~2%(C + 2%Cxm))*AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sin[e + f*x])/2,
-((d*(1 + Sin[e + f*x]))/(c - d))]*Cos[e + f*x]*(a + axSin[e + f*x]) m*Sqrt

[(c + d*Sinf[e + fxx])/(c - d)])/(d*x(c”2 - d"2)*f*(1 + 2*m)*Sqrt[1 - Sin[e +
fxx]1*Sqrtc + d*Sin[e + f*x]]) + (Sqrt[2]*(2*c™24C*(1 + m) + d72«(A - C +
2xA*m) ) xAppellF1[3/2 + m, 1/2, 1/2, 5/2 + m, (1 + Sinl[e + fxx])/2, -((d*(1

+ Sinfe + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sinf[e + f*x])~(1 + m)*Sqrt[

(c + d*Sinfe + f*x])/(c - d)])/(axd*(c”2 - d"2)*f*(3 + 2*m)*Sqrt[1 - Sin[e

+ f*x]]*Sqrt[c + d*Sinl[e + f*xx]])

Rubi [A] time = 0.957646, antiderivative size = 413, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 39, number of rules

= 0.154, Rules used = {3044, 2987, 2788, 140, 139, 138}

integrand size

V2 cos(e + fx) (cd(A +C) - d’(dAm + A - C) — 2c>(2Cm + C)) (asine + fx) + a)mw/%ﬂ (m + %; %, %;m +
df@m +1)(c2 - d2) 1= sin(e + fx)/c +dsin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + axSin[e + f*x]) m*(A + CxSinl[e + f*x]72))/(c + d*Sin[e + fx*x]) (3
/2) ,x]

[Out] (2x(c™2%C + A*d"2)*Cos[e + f*xx]x(a + a*Sinf[e + f*x])"m)/(d*x(c”2 - d~2)*f*Sq
rt[c + dxSinf[e + f*x]]) + (Sqrt[2]*(cx(A + C)*d - d™2x(A - C + 4*xAxm) - 2xc

2% (C + 2%C*m))*AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sin[e + f*x])/2,
-((d*(1 + Sinf[e + fx*x]))/(c - d))]*Cos[e + fxx]*(a + axSin[e + f*x]) m*Sqrt

[(c + d*Sinfe + f*x])/(c - d)]1)/(d*(c”2 - d"2)*f*(1 + 2*m)*Sqrt[1 - Sin[e +
fxx]]1*Sqrtc + d*Sinfe + fx*x]]) + (Sqrt[2]*(2*%c™2+C*(1 + m) + d72*%(A - C +
2xA*m) ) xAppellF1[3/2 + m, 1/2, 1/2, 5/2 + m, (1 + Sin[e + fx*x])/2, -((d*(1

+ Sinf[e + fxx]))/(c - d))]*Cos[e + f*x]*(a + a*xSin[e + f*x])~(1 + m)*Sqrt[

(c + d*Sinfe + f*x])/(c - d)])/(a*d*(c™2 - d~2)*f*(3 + 2*xm)*Sqrt[1 - Sin[e

+ f*xx]]*Sqrt[c + d*Sin[e + f*x]])

Rule 3044

Int[((a_) + (b_.)*sinf[(e_.) + (f_D*x(x)])"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*&x DD (@ )*((A_.) + (C_.)*sin[(e_.) + (£_.)*(x_)]172), x_Symbol] :>
-Simp[((c™2*C + A*d~2)*Cos[e + f*x]*(a + b*Sin[e + f*x]) m*(c + d*Sin[e + £
*x])"(n + 1))/(@xfx(n + 1)*(c”2 - 472)), x] + Dist[1/(bxd*x(n + 1)*(c”2 - 4~
2)), Int[(a + b*Sin[e + f*x]) m*(c + d*Sinle + f*x])~(n + 1)*Simp [A*xd* (axdx*
m + bxcx(n + 1)) + cxCx(axc*m + bxdx(n + 1)) - b*(A*d"2x(m + n + 2) + Cx(c~
2%(m + 1) + d"2%(n + 1)))*Sinle + f*x], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m}, x] && NeQ[b*c - a*d, 0] &% EqQ[a"2 - b~2, 0] &% NeQ[c™2 - 472

, 0] & 'LtQ[m, -27(-1)] && (LtQ[n, -1] || EqQ[m + n + 2, 0])
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Rule 2987

Int[((a ) + (b_.)*sinf[(e_.) + (f_D)*x(x)1])"(m_.)*((A_.) + (B_.)*sin[(e_.) +

(f_)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])“(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 472, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a”"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ [m]

Rule 140

Int[((a_) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((b*(c + d*x))/(b*c - axd)) FracPart[n]), Int[(a + b*xx) m*x((bxc)/(b*c - ax*xd
) + (b*d*x)/(bxc - a*d)) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !'SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*f))”p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc — axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,

-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - a*f))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && 'IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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(a+asin(e+ fx))" (—%

2(2C + Ad?) cos(e + fx)(a + asin(e + fx)" 2

(a+asin(e + fx))" (A+ Csin’(e + fx)) B
- d(cz—dz)f\/c+dsin(e+fx) B

f (c +dsin(e + fx))3?2

2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))" (2C2C(1 +m) + d2(.
+

d(c2 - d2) fyfc+dsine + fx)

2
2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))" (a (ZC CL+m)+d
d (cz - dz) frJc +dsin(e + fx) ’

2
2 (C2C + Adz) cos(e + fx)(a + asin(e + fx))" (a (ZC ClLtm)+a
d (c2 - dz) f+Jc +dsin(e + fx) *

2
2(c2C + Ad?) cos(e + fx)(a + asin(e + fx))" (a (€ +m) +
d(cz—dz)f\/c+dsin(e+fx) *

2 (C2C + Adz) cos(e + fx)(a + asin(e + fx))" V2 (C(A +C)d - d*
d (c2 - dz) f+Jc +dsin(e + fx) *

Mathematica [B] time = 32.0562, size = 19675, normalized size = 47.64

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) m*x(A + CxSin[e + f*x]~2))/(c + d*Sin[e + fx

x1)°(3/2),x]

[Out] Result too large to show

Maple [F] time = 0.68, size = 0, normalized size = 0.

f(a+asin( x+e))m (A+ C(sin(fx+e))2) (c+dsin(fx+e))_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ta*sin(f*x+e)) m* (A+Cxsin(f*x+e)”2)/(c+d*sin(f*x+e))~(3/2),x)

[Out] int((a+a*sin(f*x+e)) m* (A+Cxsin(f*xx+e) 2)/(c+d*sin(f*xx+e) )~ (3/2),%)

Maxima [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + e)z + A)(a sin (fx + e) + a)m

3 dx
f (alsin(fx+e)+c)z




79

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e))~(3/2),x, a
lgorithm="maxima"

[Out] integrate((Cksin(f*x + e)72 + A)*(axsin(f*x + e) + a)"m/(d*sin(f*x + e) + ¢

)~ (3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 —A—C)\/dsin(fx+e) +c(asin(fx+e) +a)m
dzcos(fx+e)2—2cdsin(fx+e) -2 —d?

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e)) m* (A+Cxsin(f*x+e)~2)/(c+d*sin(f*x+e))~(3/2),x, a
lgorithm="fricas")

[Out] integral((Cxcos(f*x + e)”2 - A - C)*sqrt(d*sin(f*x + e) + c)*(axsin(f*x + e
) + a)"m/(d"2*xcos(f*x + e)”2 - 2*xckd*sin(f*x + e) - ¢c”2 - d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+C*xsin(f*x+e)**2)/(c+td*sin(f*x+e))**(3/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

m

dx

(Csin (fx+e)2 +A)(asin (fx+e) + a)
f (clsin(fx+e)+c)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m* (A+C*xsin(f*x+e) 2)/(c+dxsin(f*x+e))~(3/2),x, a
lgorithm="giac")

[Out] integrate((Cksin(f*x + e)72 + A)*(axsin(f*x + e) + a)"m/(d*sin(f*x + e) + ¢

)7(3/2), x)
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(a+a$n@+fx»m(A+CsH3@+fx»
f (c+d sin(e+fx))5/2

3.15 dx

Optimal. Leaf size=424

V2cos(e + fx) (3cd(A + C) + d2(~4Am + A +3C) - 2%(2Cm + C)) (asin(e + fx) + ay"y| "SI p, (m T
3df(2m +1)(c — d)?(c + d)/1 — sin(e + fx)4/c + dsin(e + fx)

[Out] (2%(c™2+C + A*d"2)*Cos[e + f*x]*(a + a*Sinf[e + f*x])"m)/(3*d*x(c”2 - d~2)*fx*
(c + d*Sinfe + £*x])7(3/2)) + (Sqrt[2]*(3*c*(A + C)xd + d™2x(A + 3*C - 4*Ax

m) - 2*%c”2x(C + 2%Cxm))*AppellF1[1/2 + m, 1/2, 3/2, 3/2 + m, (1 + Sin[e + £
*x])/2, -((dx(1 + Sinle + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + fx*x]
)"mxSqrt[(c + d*Sin[e + f*x])/(c - d)])/(3*x(c - d)7"2xd*(c + d)*f*(1 + 2xm)=*
Sqrt[1 - Sin[e + f*xx]]*Sqrtlc + d*Sin[e + fxx]]) + (Sqrt[2]*(2%c™2xC*(1 + m

) = d72%(A + 3*%C - 2%Axm))*AppellF1[3/2 + m, 1/2, 3/2, 5/2 + m, (1 + Sin[e

+ £*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + f
*x])7(1 + m)*Sqrt[(c + d*Sinf[e + f*x])/(c - d)])/(3xax(c - d)"2xdx(c + d)*f

*x(3 + 2xm)*Sqrt[1 - Sin[e + f*x]]*Sqrtlc + d*Sin[e + f*x]])

Rubi [A] time = 1.03523, antiderivative size = 424, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 39, number of rules

= 0.154, Rules used = {3044, 2987, 2788, 140, 139, 138}

integrand size

V2 cos(e + fx) (3cd(A +C) +d*(-4Am + A + 3C) - 2c?(2Cm + C)) (asin(e + fx) + a)mw/%ﬂ (m + %; %, ;;n
3df(2m +1)(c — d)?(c + d)4/1 — sin(e + fx)4/c + dsin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + axSin[e + f*x]) m*(A + CxSinl[e + f*x]72))/(c + d*Sin[e + fx*x])~(5
/2) ,x]

[Out] (2*(c™2*C + A*d~2)*Cos[e + f*x]*(a + a*Sin[e + f*x])"m)/(3*d*(c”2 - d~2)*fx*
(c + dxSinf[e + fxx])~(3/2)) + (Sqrt[2]*(3*cx(A + C)*d + d"2x(A + 3*C - 4xAx

m) - 2xc”2*%(C + 2*C*m))*AppellF1[1/2 + m, 1/2, 3/2, 3/2 + m, (1 + Sin[e + £
*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*xSin[e + f*x]

) "mxSqrt[(c + d*Sin[e + f*xx])/(c - d)])/(3%(c - d)"2*d*x(c + d)*f*x(1 + 2%m)*
Sqrt[1 - Sin[e + f*xx]]*Sqrtlc + d*Sin[e + fxx]]) + (Sqrt[2]*(2*c™2xC*(1 + m

) - d”2%(A + 3*%C - 2%Axm))*AppellF1[3/2 + m, 1/2, 3/2, 5/2 + m, (1 + Sin[e

+ fxx])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cos[e + f*xx]*(a + a*Sin[e + f
*x])~(1 + m)*Sqrt[(c + d*Sin[e + f*x])/(c - d)]1)/(3*ax(c - d)"2xd*(c + d)*f

*(3 + 2xm)*Sqrt[1 - Sinl[e + f*x]]*Sqrt[c + d*Sinf[e + fx*x]])

Rule 3044

Int[((a_) + (b_.)*sinf[(e_.) + (f_D*x(x)])"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*&x DD (@ )*((A_.) + (C_.)*sin[(e_.) + (£_.)*(x_)]172), x_Symbol] :>
-Simp[((c™2*C + A*d~2)*Cos[e + f*x]*(a + b*Sin[e + f*x]) m*(c + d*Sin[e + £
*x])"(n + 1))/(@xfx(n + 1)*(c”2 - 472)), x] + Dist[1/(bxd*x(n + 1)*(c”2 - 4~
2)), Int[(a + b*Sin[e + f*x]) m*(c + d*Sinle + f*x])~(n + 1)*Simp [A*xd* (axdx*
m + bxcx(n + 1)) + cxCx(axc*m + bxdx(n + 1)) - b*(A*d"2x(m + n + 2) + Cx(c~
2%(m + 1) + d"2%(n + 1)))*Sinle + f*x], x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, C, m}, x] && NeQ[b*c - a*d, 0] &% EqQ[a"2 - b~2, 0] &% NeQ[c™2 - 472

, 0] & 'LtQ[m, -27(-1)] && (LtQ[n, -1] || EqQ[m + n + 2, 0])
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Rule 2987

Int[((a ) + (b_.)*sinf[(e_.) + (f_D)*x(x)1])"(m_.)*((A_.) + (B_.)*sin[(e_.) +

(f_)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])“(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 472, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a”"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ [m]

Rule 140

Int[((a_) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((b*(c + d*x))/(b*c - axd)) FracPart[n]), Int[(a + b*xx) m*x((bxc)/(b*c - ax*xd
) + (b*d*x)/(bxc - a*d)) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !'SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*f))”p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc — axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,

-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - a*f))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && 'IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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(a+asin(e+ fx))" (—%

2 (C2C + Adz) cos(e + fx)(a + asin(e + fx))" 2

(a +asin(e + fx))™ (A + Csin®(e + fx)) ~
T (@@ ferdsiner fOPE

f (c +dsin(e + fx))5?2

2(2C + Ad?) cos(e + fx)(a+asin(e + fx)y"  (22CA+m) —d*(.
+

3d (2 - 2) f(c + dsin(e + fx))32

2 _
2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))" (a (ZC CL+m)—d
3d (2 - 2) f(c + dsin(e + fx))32 *

2 _
2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))" (a (ZC ClL+m)-d
3d (c2 - dz) f(c+dsin(e + fx))3/2 *

(az (ZCZC(l +m) -
2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))"
3d (c2 - dz) f(c+dsin(e + fx))32 *

2 (CZC + Adz) cos(e + fx)(a + asin(e + fx))" V2 (3C(A +C)d +d
+

3d (2 - 2) f(c + dsin(e + fx))32

Mathematica [B] time = 32.2457, size = 25117, normalized size = 59.24

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) m*x(A + C*Sin[e + f*x]72))/(c + d*Sin[e + f*

x1)7(5/2) ,x]

[Out] Result too large to show

Maple [F] time = 0.675, size = 0, normalized size = 0.

f(a + asin (fx + e))m (A +C (sin (fx + e))z) (c +d sin (fx + e))_; dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*x(A+Cksin(f*xx+e)~2)/(c+d*sin(f*x+e)) ~(5/2),x)

[Out] int((a+ta*sin(f*x+e)) m*(A+C*sin(fxx+e) 2)/(c+d*sin(f*x+e))~(5/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(C sin (fx + 6)2 + A)(a sin (fx + e) + a)m

= dx
f (dsin(faﬁ-e)+c)E
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e))~(5/2),x, a
lgorithm="maxima"

[Out] integrate((Cksin(f*x + e)72 + A)*(axsin(f*x + e) + a)"m/(d*sin(f*x + e) + ¢

)~ (5/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 —A—C)\/dsin(fx+e) +c(asin(fx+e) +a)m
3cdzcos(fx+e)2 -3 -3cd? + (d3cos(fx+e)2—3c2d—d3)sin(fx+e)

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e))~(5/2),x, a
lgorithm="fricas")

[Out] integral((Cxcos(f*x + e)72 - A - C)*sqrt(d*sin(f*x + e) + c)*(a*sin(f*x + e
) + a)"m/(3xcxd"2xcos(f*x + e)72 - c73 - 3*c*kd”2 + (d"3*cos(f*x + e)72 - 3x
c™2%d - d"3)*sin(f*x + e)), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+C*sin(f*x+e)**2)/(c+d*sin(f*x+e))**(5/2),x

)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(Csin (fx+e)2 +A)(asin( x +e) + a)m

f = dx

(dsin (fx+e) +c)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e)) m* (A+Cxsin(f*x+e)~2)/(c+d*sin(f*x+e))~(5/2),x, a
lgorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + A)*(a*sin(fxx + e) + a)"m/(d*sin(f*x + e) + c

)~ (5/2), x)
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. .2
316 1 ¢A+B$n@+fm+CsH1@+f@

a+a sin(e+fx)(c—csin(e+fx))3/2

Optimal. Leaf size=174

(A+ B+ C)cos(e+ fx)\/a sin(e + fx) +a ~ (A—B-3C)cos(e+ fx)log(l —sin(e + fx)) N (A-B+C)cos(e+ fx)]1
4af(c - csin(e + fx))¥2 4cf\/a sin(e + fx) + a\/c —csin(e + fx) 4cf\/a sin(e + fx) + a-

[Out] ((A + B + C)*Cos[e + f*x]xSqrt[a + a*Sin[e + fxx]])/(4*axf*x(c - c*Sinle + f
*xx])7(3/2)) - ((A - B - 3*C)*Cos[e + f*x]*Log[l - Sin[e + fxx]])/(4*cxf*Sqr

tla + a*xSin[e + f*x]]*Sqrtl[c - c*Sin[e + f*x]]) + ((A - B + C)*Cos[e + f*x]
xLog[1 + Sin[e + f*x]])/(4xc*fxSqrtla + a*Sin[e + f*x]]*Sqrt[c - cxSin[e +

fxx]])

Rubi [A] time = 0.686202, antiderivative size = 174, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 50, e e =

0.1, Rules used = {3035, 2969, 2737, 2667, 31}

integrand size

(A+ B+ C)cos(e + fx)\/asin(e + fx) +a _ (A-B-3C)cos(e + fx)log(l —sin(e + fx)) N (A-B+C)cos(e+ fx)1
4af(c - csin(e + fx))¥2 4cfyJasin(e + fx) + ayJc — csin(e + fx) 4cfJasin(e + fx) + a4

Antiderivative was successfully verified.

[In] Int[(A + BxSin[e + fxx] + CxSin[e + f*x]72)/(Sqrtl[a + a*Sin[e + f*x]]x*(c -
cxSinle + f*x])~(3/2)),x]

[Out] ((A + B + C)*Cos[e + f*x]*Sqrt[a + a*Sinle + f*x]])/(4*a*xf*(c - c*Sinle + f
*x])7(3/2)) - ((A - B - 3*xC)*Cos[e + f*x]xLog[l - Sin[e + f*x]])/(4*cxf*Sqr

tla + axSin[e + f*x]]*Sqrtl[c - c*Sin[e + f*x]]) + ((A - B + C)*Cos[e + f*x]
xLog[1 + Sin[e + f*x]])/(4xc*xfxSqrt[a + a*Sin[e + f*x]]*Sqrtlc - cxSin[e +

f*x11)

Rule 3035

Int[((a_) + (b_.)*sin[(e_.) + (f£_)*(x_)1)"(m_ )*((c_.) + (d_.)*sin[(e_.) +

(f_)*xx D)D) "(m_.)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (£_.)*(x_)]172), x_Symbol] :> Simp[((a*A - b*B + a*C)*Cos[e + f*x]x(a + b
*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"(n + 1))/ (2*xbxc*xf*x(2*xm + 1)), x] - Di
st [1/(2*b*cxd*(2*m + 1)), Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sin[e + f
*xx]) "n*Simp [Ax(c™2*%(m + 1) + d72%(2%m + n + 2)) - Bkcxd*(m - n - 1) - C*x(c”
2¢m - d72%(n + 1)) + d*x((A*xc + B*d)*(m + n + 2) - c*xCx(3*m - n))*Sin[e + f*
x], x], x], x] /; FreeQ[{a, b, c, d, e, f, A, B, C, m, n}, x] && EqQ[bxc +

a*xd, 0] && EqQ[a~2 - b™2, 0] && (LtQm, -2°(-1)] || (EqQ[m + n + 2, 0] && N
eQ[2xm + 1, 0]))

Rule 2969

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)]1)/(8qrtl(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)11*Sqrt[(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)1]1), x_Symbol] :> Dist
[(A*b + a*B)/(2*axb), Int[Sqrtla + b*Sin[e + f*x]]/Sqrtl[c + d*Sin[e + fx*x]]
, xJ, x] + Dist[(B*c + A*d)/(2*cxd), Int[Sqrtlc + d*Sin[e + fx*x]]/Sqrtl[a +
b*Sinle + f*x]1, x], x] /; FreeQ[{a, b, c, 4, e, £, A, B}, x] && EqQ[b*c +
axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2737
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)1]1/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)=*(x_)]], x_Symbol] :> Dist[(a*c*Cos[e + f*x])/(Sqrt[a + b*Sin[e + fx
x]1*Sqrt[c + d*Sin[e + fx*x]]), Int[Cos[e + f*x]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[b*c + axd, 0] && EqQ[a~2 - b~2, 0]

Rule 2667

Int[cos[(e_.) + (£_)*(x_)]1"(p_.)*x((a_) + (b_.)*sinl(e_.) + (f_)*(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a”2 - b~2, 0] && (GeQ[p, -1] || !'IntegerQ[m + 1/2

D

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

f —202(A-B-C)+442C sin(e
yJa+asin(e+fx)4/c—csin(

f A + Bsin(e + fx) + Csin(e + fx) o A+ B+ C)cos(e+ fR)Na+asin(e+ fx)
\/

a+ asin(e + fx)(c — csin(e + fx))¥2 - 4af(c - csin(e + fx))¥?

4a%c
_ (A+B+C)cos(e+ fx)y/a +asin(e + fx) (A-B-30) [ c—csi
B 4af(c - csin(e + fx))3¥2 4ac

_ (A+B+C)cos(e + fx)ya+asin(e + fx)

((A—B-3C)cos(e +

4af(c - csin(e + fx))3¥?

4y/a + asin(e + fx)
((A—-B-3C)cos(e +

_ (A+B+C)cos(e + fx)yJa+asin(e + fx) _

4af(c - csin(e + fx))3? dcfJa+as
_ (A+B+C)cos(e+ fx)\/a + asin(e + fx) ~ (A-B-3C)cos(e +
B 4af(c - csin(e + fx))32 4cfrJa + asin(e +

Mathematica [A] time = 0.696643, size = 196, normalized size = 1.13

(cos (%(e + fx)) —sin (%(e + fx))) (sin (%(e + fx)) + cos (%(e + fx))) ((—A + B +30) (COS (%(e + fx)) —sin (%(e -

Antiderivative was successfully verified.

2f

[In] Integrate[(A + B*Sin[e + f*x] + C*Sin[e + f*x]~2)/(Sqrt[a + axSin[e + fxx]]

x(c - c*Sinl[e + f*x])~(3/2)),x]

[Out] ((A + B+ C + (-A + B + 3*%C)*Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]]1*(Cos[
(e + £f*x)/2] - Sin[(e + f*x)/2])"2 + (A - B + C)*Log[Cos[(e + f*x)/2] + Sin
[(e + f*x)/2]]1*(Cos[(e + fxx)/2] - Sin[(e + f*x)/2])72)*(Cos[(e + f*x)/2] -
Sin[(e + fxx)/2])*(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]))/(2*f*Sqrt[a*x(1 +

Sin[e + f*x])]*(c - c*Sin[e + f*x])~(3/2))
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Maple [B] time = 0.404, size = 479, normalized size = 2.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Bxsin(f*x+e)+Cxsin(f*x+e) 2)/(c-c*xsin(f*x+e))~(3/2)/(ata*sin(f*x+e))
~(1/2),x)

[Out] 1/2/f*x(A*sin(f*x+e)*1n(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))-A*xIn(-(-1+co
s(f*x+e)-sin(f*x+e))/sin(f*x+e))*sin(f*x+e) -Bxsin(f*x+e)*1n (- (-1+cos(f*x+e)
+sin(f*x+e))/sin(f*x+e) ) +B*1ln(-(-1+cos(f*x+e)-sin(f*x+e))/sin(f*x+e)) *sin(f
xx+e) +2*C*1n(2/ (cos (f*x+e)+1) ) *sin(f*x+e)-3*C*1ln(-(-1+cos(f*x+e)+sin(f*x+e)
)/sin(f*x+e)) *sin(f*x+e)-Cx1n(-(-1+cos(f*x+e)-sin(f*x+e))/sin(f*x+e))*sin(f
*x+e) +A*xsin(f*xx+e) -A*x1n(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e) ) +A*xIln(-(-1+c
os (f*x+e)-sin(f*x+e))/sin(f*x+e))+B*sin(f*x+e)+Bx1n(-(-1+cos (f*x+e)+sin(f*x
+e))/sin(f*x+e))-Bx1ln(-(-1+cos(f*x+e)-sin(f*x+e))/sin(f*x+e))-2%Cx1n(2/(cos
(fxx+e)+1))+C*sin(f*x+e) +3*xCx1n (- (-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))+C*1
n(-(-1+cos(f*x+e)-sin(f*x+e))/sin(f*x+e))) *cos (f*x+e)/(ax(1+sin(f*x+e))) (1
/2)/(—c*(-1+sin(f*x+e)))~(3/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f Csin(fx+e)2+Bsin(fx+e)+A

\/asin(fx+e) +u(—csin (fx +e) +c)z

w

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(f*x+e)+Cksin(f*x+e)~2)/(c-c*xsin(f*x+e))~(3/2)/(ata*xsin(f
xx+e)) ~(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)72 + B*sin(f*x + e) + A)/(sqrt(a*sin(f*x + e) + a)
*(-cxsin(f*x + e) + ¢c)~(3/2)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2 —Bsin(fx+e) —A—C)\/asin(fx+e) +a\/—csin(fx+e) +c

2 2
aczcos(fx+e) sm( x+e)—aczcos( x+e)

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(f*x+e)+Cxsin(f*x+e)~2)/(c-c*sin(f*x+e))~(3/2)/(a+ta*sin(f
xx+e)) ~(1/2) ,x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)”2 - B*sin(fxx + e) - A - C)*sqrt(a*xsin(f*x + e) +
a)*sqrt(-cxsin(f*xx + e) + c)/(axc™2xcos(f*xx + e) " 2*sin(f*x + e) - axc”2%cos
(fxx + e)”2), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

A+Bsin(e+fx)+Csin2(e+fx)
5 dx

\/a (sin (e + fx) + 1) (—c (sin (e +fx) - 1))5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(f*x+e)+Cksin(f*x+e)**2)/(c-cxsin(f*x+e))**(3/2)/(ata*sin
(fxx+e))**(1/2) ,%)

[Out] Integral((A + Bxsin(e + f*x) + Cksin(e + f*x)**2)/(sqrt(ax(sin(e + f*x) + 1
))*(-c*(sin(e + f*x) - 1))**(3/2)), x)

Giac [F] time = 0., size = 0, normalized size = 0.
2
Csin(fx+e) +Bsin(fx+e) +A

\/asin(fx+e) +a(—csin (fx +e) +c)%

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(f*x+e)+Cxsin(f*x+e)~2)/(c-c*sin(f*x+e))~(3/2)/(ata*sin(f
*xx+e))~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)/(sqrt(a*sin(f*x + e) + a)
x(—cxsin(fxx + e) + ¢c)~(3/2)), x)
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317  [(a+asin(e+fx))"(c-csin(e+fx))" (A + Bsin(e + fx) + C
Optimal. Leaf size=269

c2”+% cose+ fx)(m+n+1)(Am+n+2)+C(-m+n+1))+(m—-n)(B(m+n+2)+2Cm+ C))(1 —sin(e + fx))%_

fem+1)(m+n+1)(m+

[Out] (27(1/2 + n)*c*x((1 +m + n)*(C*x(1 - m +n) + Ax(2 +m +n)) + (m - n)*(C +
2%Cxm + B*x(2 + m + n)))*Cos[e + fxx]*Hypergeometric2F1[(1 + 2*m)/2, (1 - 2%
n)/2, (3 + 2xm)/2, (1 + Sinfe + f*x])/2]*(1 - Sin[e + f*x])~(1/2 - n)*(a +
axSinf[e + f*x]) m*(c - cxSinf[e + f*x])~ (-1 + n))/(f*x(1 + 2*m)*(1 + m + n)x*(

2+ m+mn)) - ((C+ 2xC*m + B¥(2 + m + n))*Cos[e + f*x]*(a + a*Sin[e + f*x]
)"m*x(c - c*Sinfe + f*x])"n)/(f*x(1 + m + n)*(2 + m + n)) + (CxCos[e + f*x]*(

a + a*xSinfe + f*x])"m*x(c - c*Sinle + f*x])"(1 + n))/(cxf*x(2 + m + n))

Rubi [A] time = 0.745312, antiderivative size = 269, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 46, e .

0.13, Rules used = {3039, 2973, 2745, 2689, 70, 69}

integrand size

02”+% cos(e+ fX)(m+n+1)(Am+n+2)+C(-m+n+1))+ (m—n)(Bm+n+2)+2Cm+ C))(1 —sin(e + fx))%_

fem+1)(m+n+1)(m+

Antiderivative was successfully verified.

[In] Int[(a + a*Sinf[e + f*x]) m*(c - c*Sin[e + f*x]) " n*(A + BxSin[e + f*xx] + CxS
in[e + fx*xx]~2),x]

[Out] (27(1/2 + n)*c*x((1 +m + n)*(C*x(1 - m +n) + Ax(2 +m +n)) + (m - n)*x(C +
2%Cxm + B*x(2 + m + n)))*Cos[e + fxx]*Hypergeometric2F1[(1 + 2*m)/2, (1 - 2%
n)/2, (3 + 2xm)/2, (1 + Sinl[e + f*x])/2]*(1 - Sin[e + f*x])~"(1/2 - n)*(a +
a*xSinfe + f*x]) m*(c - c*Sin[e + f*x])" (-1 + n))/(f*x(1 + 2*xm)*(1 + m + n)*(

2 +m+mn)) - ((C+ 2%C*xm + B¥(2 + m + n))*Cos[e + f*x]*(a + a*xSin[e + f*x]
)7m*(c - c*Sinfe + f*x])"n)/(f*(1 + m + n)*(2 + m + n)) + (CxCosl[e + f*xx]*(

a + axSinf[e + f*x]) " m*(c - c*Sin[e + f*x])"(1 + n))/(c*f*x(2 + m + n))

Rule 3039

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)xx_D)1)"(_.)*((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)] + (C_.)*sin[(e_.
) + (f_.)*(x_)]172), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“m*(c + d*Sinfe + f*x])"(n + 1))/(d*f*(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + bxSin[e + f*x]) m*x(c + d*Sinf[e + f*x]) n*Simp[Axb*d*(m + n
+ 2) + Cx(axc*m + bxdx(n + 1)) + (b*Bxd*(m + n + 2) - b*c*xC*x(2*m + 1))*Sin
[e + £*x], x], x], x] /; FreeQ[{a, b, c, d, e, f, A, B, C, m, n}, x] & EqQ
[b*c + axd, 0] && EqQ[a"2 - b2, 0] && !'LtQ[m, -27(-1)] &% NeQ[m + n + 2,
0]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1) " (m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*&x)D)*((c) + (d_.)*sinf[(e_.) + (f_)*(x)1)"(n_), x_Symbol] :> -Si
mp [(B*Cos[e + f*x]*(a + b*Sin[e + f*x]) " m*x(c + d*Sinl[e + f*x])"n)/(fx(m + n
+ 1)), x] - Dist[(B*c*(m - n) - A*d*(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[b*c + a*xd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -2
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~(-1)] && NeQ[m + n + 1, 0]

Rule 2745

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ fxx]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + fxx]~ (2*Frac
Part[m]), Int[Cos[e + f*xx] (2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2689

Int[(cosl[(e_.) + (f_)*x(x_)I*x(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
J)1)"(m_.), x_Symbol] :> Dist[(a"2*x(gxCos[e + f*x])~(p + 1))/(fxg*x(a + bxSi
nle + £*xx])~((p + 1)/2)*x(a - bxSinl[e + fxx])~((p + 1)/2)), Subst[Int[(a + b
*x)"(m + (p - 1)/2)*x(a - bxx)~((p - 1)/2), x], x, Sinle + f*x]], x] /; Free
Ql{a, b, e, f, g, m, p}, x] && EqQ[a"2 - b~2, 0] && !'IntegerQ[m]

Rule 70

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ dxx) “FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*((bx(c + d*x))/(b*c - ax*d))
“FracPart([n]), Int[(a + b*x) m*Simp[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)
, x]°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] & !In
tegerQ[m] && !'IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_.)*(x )) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)”~(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
axd))])/(b*x(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[b*c - axd, 0] && 'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - a*d)
, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(bxc - axd)), 0]))

Rubi steps

_ Ccos(e + fx)(a +asin(e + fx)

f(a + asin(e + fx))"(c — csin(e + fx))" (A + Bsin(e + fx)+ C sin®(e + fx)) dx

cfQ+m+

_ (C+2Cm+ B2 +m+n))co

(C +2Cm + B(2 + m + n)) cos

_ (C+2Cm+ B(2+m+n))co

_ (C+2Cm+ B(2+m+n))co

1
227 +m+n)(CA-m+n

Mathematica [C] time = 16.3394, size = 6226, normalized size = 23.14

Result too large to show
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Warning: Unable to verify antiderivative.

[In] Integratel[(a + a*Sin[e + f*x]) m*x(c - c*Sin[e + f*x]) nx(A + BxSin[e + fx*x]
+ CxSinle + fx*x]~2),x]

[Out] Result too large to show

Maple [F] time = 3.537, size = 0, normalized size = 0.

f(u +asin (fx + e))m (c —csin (fx + e))n (A + Bsin (fx + e) +C (sin (fx + e))z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c-c*sin(f*x+e)) "n*x(A+Bxsin(f*x+e)+C*sin(f*x+e)”2),x

)

[Out] int((ata*sin(f*x+e)) m*x(c-c*sin(f*x+e)) nx(A+B*xsin(f*x+e)+Cxsin(f*x+e)”2),x

)

Maxima [F] time = 0., size = 0, normalized size = 0.
I(Csin (fx + 8)2 + Bsin (fx + e) + A)(asin (fx + e) + a)m(—csin (fx + e) + c)n dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*sin(f*x+e)) n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="maxima"

[Out] integrate((Cksin(f*x + e)72 + Bxsin(f*x + e) + A)*(a*sin(f*x + e) + a) m*(-
cxsin(f*x + e) + ¢)"n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (—(C cos (fx + e)z — Bsin (fx + e) -A- C)(a sin (fx + e) + a)m(—c sin (fx + e) + c)n,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(c-c*xsin(f*x+e)) "n*(A+Bxsin(f*x+e)+Cxsin(f*x+e
)72),x, algorithm="fricas")

[Out] integral(-(Ckxcos(f*x + e)”2 - Bxsin(f*x + e) - A - C)*(a*sin(f*x + e) + a)”
m* (—cxsin(f*xx + e) + ¢)"n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**n*x(A+B*sin(f*x+e)+Ckxsin(f*x
+e)**2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
f(Csin(fx+e)2 +Bsin(fx+e) +A)(asin(fx+e) +a)m(—csin(fx+e) +c)ndx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e)) m*(c-c*xsin(f*x+e)) "n*(A+Bxsin(f*x+e)+Cxsin(f*x+e

)72),x, algorithm="giac")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(f*x + e) + A)*(a*sin(f*x + e) + a) m*(-

cksin(f*x + e) + ¢c)"n, x)
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318  [(a+asin(e+fx))"(c-csin(e+fx))** (A + Bsin(e + fx) +

Optimal. Leaf size=435

162 (—A (4m2 +32m + 63) +B (—4m2 —8m + 45) -C (4m2 —16m + 39)) cos(e + fx)yJc — csin(e + fx)(asin(e + fx
. f@m +7)(@2m +9) (4m? + 16m +15)

[Out] (-64*c”3*x(B*x(45 - 8*m - 4*m~2) - C*(39 - 16*m + 4*m~2) - A*(63 + 32*m + 4x*m
~2))*Cos[e + fxx]*(a + a*xSin[e + f*x])™m)/(£x(5 + 2*xm)*(7 + 2*m)*(9 + 2x*m)*
(3 + 8*m + 4*m~2)*Sqrtc - c*Sinle + f*x]]) - (16%c™2x(B*x(45 - 8*m - 4*m~2)
- Cx(39 - 16%m + 4*xm~2) - A*(63 + 32*xm + 4*xm~2))*Cos[e + fxx]*(a + axSin[e
+ f*x]) "m*Sqrtc - c*Sinle + £*x]])/(£x(7 + 2*xm)*(9 + 2*m)* (15 + 16*m + 4%
m~2)) - (2%c*(B*(45 - 8*m - 4*m~2) - C*x(39 - 16*m + 4*m~2) - A*x(63 + 32%m +
4xm~2))*Cos[e + fxx]*(a + a*xSin[e + f*x]) m*x(c - c*Sin[e + f*x])~(3/2))/(f
*(5 + 2¢m)*(7 + 2xm)*(9 + 2¥m)) - (2% (9%B + 2xC + 2*B*m + 4*C*m)*Cos[e + f*
x]*(a + a*Sinle + f*x]) ™ m*(c - c*Sinle + f*x])~(5/2))/(£*x(7 + 2*m)*(9 + 2*m
)) + (2x%CxCos[e + fxx]*(a + a*Sin[e + f*x]) m*x(c - c*xSinle + fx*xx])~(7/2))/(
cxf*x(9 + 2¥m))

Rubi [A] time = 0.891801, antiderivative size = 435, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 48, e -

0.083, Rules used = {3039, 2973, 2740, 2738}

integrand size

16¢2 (—A (4m2 +32m + 63) +B (—4m2 —8m + 45) -C (4m2 —16m + 39)) cos(e + fx)yJc — csin(e + fx)(asin(e + fx
i f@m +7)2m +9) (4m? +16m +15)

Antiderivative was successfully verified.

[In] Int[(a + ax*Sin[e + f*x]) m*x(c - c*Sinl[e + f*x])~(5/2)*%(A + B*Sinl[e + fx*xx] +
CxSin[e + fxx]~2),x]

[Out] (-64%c™3*(B*x(45 - 8*m - 4*m~2) - Cx(39 - 16*m + 4*m~2) - A*x(63 + 32xm + 4*m
~2))*Cosl[e + f*xx]*(a + axSin[e + £*x])™m)/(£*(5 + 2xm)*(7 + 2*m)*(9 + 2¥m)*
(3 + 8*xm + 4*xm~2)*Sqrtc - c*Sinle + f*x]]) - (16%c™2x(Bx(45 - 8*m - 4*m~2)
- C*(39 - 16*m + 4*m~2) - A*(63 + 32*m + 4*m~2))*Cos[e + fxx]*(a + a*xSin[e
+ f*x]) “m*Sqrtlc - c*Sinle + £*x]])/(£x(7 + 2*xm)*(9 + 2*m)* (15 + 16x*m + 4%
m~2)) - (2*%cx(B*(45 - 8*m - 4*m™2) - C*x(39 - 16%m + 4*m~2) - A*(63 + 32*m +
4xm~2))*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sinl[e + f*x])~(3/2))/(f
*(5 + 2¢m)*(7 + 2xm)*(9 + 2xm)) - (2+%(9*%B + 2*C + 2*Bxm + 4*Cxm)*Cos[e + f*
x]*(a + axSin[e + f*x]) m*(c - c*Sin[e + fxx])~(5/2))/(£x(7 + 2*m)*(9 + 2xm
)) + (2x%CxCos[e + fxx]*(a + a*Sin[e + f*x]) m*x(c - cxSinle + fx*xx])~(7/2))/(
cxf*(9 + 2*m))

Rule 3039

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*xx )17 (m_)*((A_.) + (B_.)*sinf[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.
) + (f_.)*(x_)]1"2), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“mx(c + d*Sin[e + f*xx])"(n + 1))/(d*xfx(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + bxSin[e + f*x])"m*(c + d*Sin[e + f*x]) n*Simp[A*xb*d*(m + n
+ 2) + Cx(a*xc*m + bxdx(n + 1)) + (b*B*d*(m + n + 2) - b*xc*C*(2*m + 1))*Sin
[e + £*x], x], x], x] /; FreeQ[{a, b, c, d, e, f, A, B, C, m, n}, x] & EqQ
[bxc + axd, 0] && EqQ[a"2 - b2, 0] && !'LtQ[m, -27(-1)] && NeQ[m + n + 2,
0]
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Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1) " (m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*x_)D)*((c) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(n_), x_Symbol] :> -Si
mp[(BxCos[e + fxx]*(a + bxSin[e + fxx]) m*(c + d*Sinf[e + fx*x])"n)/(f*x(m + n
+ 1)), x] - Dist[(B*c*x(m - n) - Axd*x(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[bxc + axd, 0] &% EqQ[a"2 - b72, 0] && !LtQ[m, -2

“(-1)] && NeQ[m + n + 1, 0]

Rule 2740

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[e + f*x]*(a + b*Sin[e + fx*x])~(
m - 1)*x(c + d*Sinf[e + f*x])™n)/(f*x(m + n)), x] + Dist[(ax(2*xm - 1))/(m + n)
, Int[(a + bxSin[e + f*x])~(m - 1)*(c + d*Sin[e + f*x])~n, x], x] /; FreeQ[
{a, b, ¢, d, e, f, n}, x] & EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ
[m - 1/2, 0] && 'LtQ[n, -1] && !'(IGtQ[n - 1/2, 0] && LtQ[n, m]) && !'(ILt
Qlm + n, 0] && GtQ[2*m + n + 1, 0])

Rule 2738

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]1*((c_) + (d_.)*sin[(e_.) + (£
_D*(x_)1)7(n_), x_Symbol] :> Simp[(-2*b*Cos[e + f*xx]*(c + d*Sinf[e + f*x])~
n)/(f*(2*n + 1)*Sqrtla + b*Sinle + f*x]]), x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] && EqQlbxc + axd, 0] && EqQ[a™2 - b~2, 0] && NeQ[n, -27(-1)]

Rubi steps

2Ccos(e + fx)(a + asin(e + f

f(a +asin(e + fx))"(c - csin(e + fx))>? (A + Bsin(e + fx) + Csin®(e + fx)) dx =

cf(9+2

_ 2(9B +2C + 2Bm + 4Cm) «

2c (B (45 - 8m - 4m2) -C (

16¢ (B (45 — 8m - 4m?) - C

64c® (B (45 - 8m — 4m?) -

Mathematica [C] time = 7.2327, size = 1029, normalized size = 2.37

f@+2n

(64Am4—16Bm4+16Cm4+896Am3—208Bm3+224Cm3+5280Am2—8328m2+1416Cm2+15648Am-

(a(sin(e + fx) +1))"™(c — csin(e + fx))¥?

(2m+1)(2m+3)(2m+E

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sin[e + f*x]) m*x(c - c*Sinl[e + f*x])~(5/2)*(A + B*Sin[e +

fxx] + CxSin[e + fx*x]~2),x]

[Out] ((ax(1 + Sin[e + f*x])) m*(c - c*Sinl[e + f*x])~(5/2)*(((18900%A - 14175%B +

12285*%C + 15648%A*m - 4140%Bxm + 648*C*m + 5280%A*m~2 - 832*Bxm~2 + 1416x*C
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*m~2 + 896%A*xm~3 - 208*%Bxm~3 + 224*xC*m”~3 + 64*xA*m~4 - 16*%B*m~4 + 16*C*xm~4)x*
((1/8 + I/8)*Cos[(e + f*x)/2] + (1/8 - I/8)*Sin[(e + £*x)/2]))/((1 + 2¥m)*(
3+ 2xm)*(5 + 2xm)*(7 + 2+¥m)*(9 + 2*m)) + ((18900*A - 14175%B + 12285*C + 1
5648*A*xm — 4140%B*m + 648*%Cxm + 5280%A*m~2 - 832*%Bxm~2 + 1416*%Cxm~2 + 896*A
*m~3 - 208*B*m~3 + 224*Cxm~3 + 64*A*m~4 - 16*B*m~4 + 16*xCxm~4)*((1/8 - 1/8)
*Cos[(e + f*x)/2] + (1/8 + I/8)*Sin[(e + f*x)/2]))/((1 + 2*xm)*(3 + 2*m)*(5
+ 2km)* (7 + 2xm)*(9 + 2%m)) + ((3150*A - 3465*B + 3150%C + 2356*A*m - 1706%
Bxm + 828*Cxm + 584*A*m~2 - 316*Bxm~2 + 200*%C*m~2 + 48%A*m~3 - 24%B*m~3 + 1
6%Cxm~3)*((1/8 - I/8)*Cos[(3*x(e + f*x))/2] - (1/8 + I/8)*Sin[(3*(e + f*x))/
21))/((3 + 2xm)*(5 + 2xm)*(7 + 2xm)*(9 + 2*m)) + ((3150%A - 3465%B + 3150%C
+ 2356%A*m - 1706*%Bxm + 828*Cxm + 584*A*xm~2 - 316*%B*m~2 + 200*xC*m~2 + 48*A
*xm~3 - 24%B*m~3 + 16%Cxm~3)*((1/8 + I/8)*Cos[(3*(e + f*x))/2] - (1/8 - 1/8)
*Sin[(3x(e + £*x))/2]1))/((3 + 2%m)*(5 + 2*¥m)*(7 + 2+¥m)*(9 + 2¥m)) + ((126%*A
- 315%B + 378*%C + 64*A*m - 124*xBxm + 88*Cxm + 8*A*m~2 — 12%B*m~2 + 8*C*m~2
)*x((-1/8 + I/8)*Cos[(5x(e + f*xx))/2] - (1/8 + I/8)*Sin[(5*x(e + f*x))/2]1))/(
(5 + 2+¢m)*(7 + 2*m)*(9 + 2*xm)) + ((126%A - 315*%B + 378*C + 64*xA*xm - 124*B*m
+ 88*Cxm + 8*xA*m~2 - 12*B*m~2 + 8*xC*xm~2)*((-1/8 - I/8)*Cos[(5x(e + f*x))/2
1 - (1/8 - I/8)*Sin[(6%x(e + £*x))/2]))/((5 + 2*m)*(7 + 2+m)*(9 + 2xm)) + ((
18*%B — 45%C + 4*B+m - 6*xCxm)*((1/16 - I/16)*Cos[(7*(e + f*x))/2] - (1/16 +
I/16)*Sin[(7*(e + £*x))/2]1))/((7 + 2*xm)*(9 + 2+m)) + ((18*B - 45%C + 4x*B#*m
- 6%Cxm)*((1/16 + I/16)*Cos[(7*(e + £*x))/2] - (1/16 - I/16)*Sin[(7*(e + f*
x))/21))/((7 + 2*m)*(9 + 2*m)) + ((1/16 + I/16)*C*xCos[(9*(e + fx*x))/2] + (1
/16 - I/16)*C*Sin[(9*(e + f*x))/2]1)/(9 + 2*m) + ((1/16 - I/16)*CxCos[(9*(e
+ fxx))/2] + (1/16 + I/16)*CxSin[(9*(e + f*x))/2]1)/(9 + 2*m)))/(f*(Cos[(e +
f*x)/2] - Sin[(e + fx*x)/2])75)

Maple [F] time = 0.725, size = 0, normalized size = 0.

f(a+asin( x+e))m (c—csin(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

Nl Gg

(A+Bsin(fx+e) + C(sin(fx+e))2) dx

[In] int((ataxsin(f*x+e)) m*x(c-c*sin(f*x+e)) " (5/2)* (A+Bxsin(f*x+e)+Cksin(f*x+e)”
2) ,x)

[Out] int((a+a*sin(f*x+e)) m*(c-c*xsin(f*x+e)) ~(5/2)*(A+Bxsin(f*x+e)+C*xsin(f*x+e)”
2),x%)

Maxima [B] time = 2.02756, size = 1787, normalized size = 4.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(5/2)* (A+B*sin(f*x+e)+Ckxsin(f
xx+e)~2) ,x, algorithm="maxima"

[Out] -2*(((4*m~2 + 24*m + 43)*a"m*c~(5/2) - (12*m~2 + 40*m - 15)*a"m*xc~(5/2)*sin
(fxx + e)/(cos(f*x + e) + 1) + 2%(4*m™2 + 8+m + 35)*a"m*c”(5/2)*sin(f*x + e
)72/ (cos(f*x + e) + 1)72 + 2x(4*m™2 + 8+m + 35)*a"m*c”(5/2)*sin(f*x + e)~3/
(cos(f*x + e) + 1)73 - (12*xm™2 + 40*m - 15)*a " m*xc”(5/2)*sin(f*x + e)~4/(cos
(f*x + e) + 1)74 + (4*m™2 + 24*m + 43)*a"m*c”(5/2)*sin(f*x + e)~5/(cos(f*x
+ e) + 1)75)xA*xe” (2xm*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - mxlog(sin(
fxx + e)72/(cos(fxx + e) + 1)72 + 1))/((8*m~3 + 36%m~2 + 46*m + 15)*(sin(f*
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X + e)72/(cos(f*x + e) + 1)72 + 1)7(5/2)) - 2%((4*m~2 + 40*m + 115)*a"m*c”(
5/2) - 2x(4*m~3 + 40*m™2 + 115*m)*a"m*c”(5/2)*sin(f*x + e)/(cos(f*x + e) +
1) + 2x(12*xm~3 + 76*m™2 + 97*m + 175)*a"m*xc~(5/2)*sin(f*x + e)~2/(cos(f*x +
e) + 1)72 - (16*m™3 + 76*xm~2 + 260*m - 175)*a"m*xc”(5/2)*sin(f*x + e)~3/(co
s(f*x + e) + 1)73 - (16*m™3 + 76+m™2 + 260*m - 175)*a"m*c~(5/2)*sin(f*x + e
)74/ (cos(f*x + e) + 1)74 + 2x(12xm~3 + 76*m™2 + 97*m + 175)*a"mxc~(5/2)*sin
(f*x + e)75/(cos(f*x + e) + 1)75 - 2%(4*m™3 + 40*m™2 + 115*m)*a"m*c”(5/2)*s
in(f*x + e)76/(cos(f*x + e) + 1)76 + (4*m™2 + 40*m + 115)*a"m*c”~(5/2)*sin(f
xx + e)77/(cos(f*xx + e) + 1)77)*Bxe” (2*m*xlog(sin(f*x + e)/(cos(f*x + e) + 1
) + 1) - mxlog(sin(f*x + e)”2/(cos(f*xx + e) + 1)72 + 1))/((16*m™4 + 128*m~3
+ 344*m~2 + 352xm + (16*m~4 + 128*m~3 + 344*m~2 + 352#m + 105)*sin(f*x + e
)72/ (cos(fxx + e) + 1)72 + 105)*(sin(f*x + e)72/(cos(f*x + e) + 1)72 + 1)7(
5/2)) + 4x(2x(4*m~2 + 56xm + 219)*a"mxc”(5/2) - 4x(4*m~3 + 56*m~2 + 219%m)*
a"m*xc”(5/2)*sin(f*x + e)/(cos(f*x + e) + 1) + (16*m™4 + 240*m~3 + 1136*m™2
+ 1380*m + 1971)*a"m*c~(5/2)*sin(f*x + e)”"2/(cos(f*x + e) + 1)72 - (48*m™4
+ 496*m~3 + 1568*m~2 + 3108+m - 315)*a"mxc”(5/2)*sin(f*x + e) 3/ (cos(f*x +
e) + 1)73 + 4x(8*m™4 + 68*xm~3 + 290*m~2 + 111%m + 567)*a"mxc”(5/2)*sin(f*x
+ e)74/(cos(f*x + e) + 1)74 + 4x(8*m™4 + 68*m~3 + 290*m~2 + 111xm + 567)*a”
mxc~(5/2)*sin(f*x + e)75/(cos(f*x + e) + 1)75 - (48*m™4 + 496*m~3 + 1568*m~
2 + 3108*m - 315)*a"m*xc~(5/2)*sin(f*x + e)”6/(cos(f*x + e) + 1)76 + (16*m™4
+ 240*m~3 + 1136*m~2 + 1380*m + 1971)*a"m*c”~(5/2)*sin(f*x + e) 7/ (cos(f*x
+e) + 1)77 - 4x(4*m™3 + 56*xm~2 + 219*m)*a "m*xc”(5/2)*sin(f*x + e)~8/(cos(f*
X +e) + 1)78 + 2%(4*m~2 + 56*m + 219)*a"m*c”(5/2)*sin(f*x + e)~9/(cos(f*x
+ e) + 1)79)*Cxe” (2*m*xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1) - m*xlog(sin(
fxx + e)72/(cos(fxx + e) + 1)72 + 1))/((32*m™5 + 400*m~4 + 1840*m~3 + 3800%
m~2 + 3378+m + 2%(32*m”5 + 400*m~4 + 1840*m~3 + 3800*m~2 + 3378*m + 945)*si
n(f*x + e)~2/(cos(f*x + e) + 1)72 + (32*xm™5 + 400*m~4 + 1840*m~3 + 3800*m~2
+ 3378*m + 945)*sin(f*x + e)"4/(cos(fxx + e) + 1)74 + 945)*(sin(f*x + e)~2
/(cos(fxx + e) + 1)72 + 1)7(5/2)))/f

Fricas [B] time = 2.35935, size = 2410, normalized size = 5.54

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(5/2)* (A+B*sin(f*x+e)+Ckxsin(f
xx+e)~2),x, algorithm="fricas")

[Out] 2*((16*Cxc™2*xm~4 + 128+C*c”2*m™3 + 344*Cxc~2xm~2 + 352%C*c”2*m + 105*C*xc~2)
*cos(f*x + e)75 + 128%x(A + B + C)*c™2+m™2 + (16%(B - C)*c~2*m~4 + 16*(9*B -
14*C)*c~2*xm~3 + 8% (52+%B - 97*C)*c™2*m™2 + 4*x(111%xB - 226*C)*c™2*m + 15*% (9%
B - 19%C)*c"2)*cos(f*x + e)74 + 256%x(4*xA + B - 2+C)*c™2*m - (16%x(A - 2%xB +
3*C)*c™2*m™4 + 16%x(10%A - 23%B + 32*C)*c”~2*m~3 + 8x(65%A - 169*B + 253*(C)*c
“2+%m”2 + 4% (150%A - 417*B + 656%C)*c”2*m + 3*(63*A — 180*B + 289%*C)*c~2)*co
s(f*x + e)73 + 96%(21*A — 15%xB + 13+%C)*c™2 + (16*(A - B + C)*c™2xm~4 + 32x(
T*A - 5%B + 7*C)*c”2*m~3 + 8*(133*A - 97*B + 85*C)*c™2+¥m™2 + 8*(233*A - 235
*B + 233*C)*c”2*m + 3% (231*xA - 255%B + 263*C)*c”2)*cos(f*x + e)72 + 2% (16%*(
A - B+ C)*c”2xm™4 + 192%(A - B + C)*c”2*xm~3 + 8*x(107*A - 99*B + 107*C)*c”2
*m~2 + 16*%(109*%A — 89*B + 85*C)*c”2+m + 3% (483*%A - 435*%B + 419*C)*c~2)*cos(
fxx + e) + (128x(A + B + C)*c™2*m™2 + (16*Cxc™2xm~4 + 128+C*xc”2*m™3 + 344x*C
*Cc72+%m”2 + 352*Ckc”2*m + 105%C*xc”2)*cos(f*x + e)”4 + 256%(4*xA + B - 2%C)*c”
2+¢m - (16%(B - 2*C)*c™2*m~4 + 16%(9+%B - 22*C)*c”2*m~3 + 32*x(13%B - 35%C)*c”
2%m”2 + 4*x(111%B - 314*C)*c”2*m + 15%(9%B - 26%C)*c~2)*cos(f*x + e)~3 + 96%
(21%A - 15%B + 13*C)*c”™2 — (16%x(A - B + C)*c™2*m™4 + 32*x(5xA - 7+B + 5*C)*c
“2+%m~3 + 8*%(65%A - 117*B + 113+C)*c™2*m™2 + 24*x(25%A - 51%B + 57*C)*c™2*m +
9% (21*%A - 45*%B + 53*C)*c”2)*cos(f*x + e)72 - 2x(16*x(A - B + C)*c™2*m™4 + 1
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92x(A - B + C)*c”2*m™3 + 8*(99*A - 107*B + 99*C)*c”~2*m™2 + 16%(77*A - 97*B
+ 101*C)*c™2*m + 3% (147*A - 195%B + 211*C)*c"2)*cos(f*x + e))*sin(f*x + e))
xsqrt (—cksin(f*x + e) + c)*x(a*xsin(f*x + e) + a)™m/(32%xf*m”5 + 400*f*m~4 + 1
840*xf*m~3 + 3800*f*m~2 + 3378xfxm + (32*f*m~5 + 400*f*m~4 + 1840*f*m~3 + 38
00*f*m™2 + 3378*xf*xm + 945+f)*cos(f*x + e) - (32*xf*m~5 + 400*f*m~4 + 1840*fx*
m~3 + 3800*f*m~2 + 3378*f*m + 945xf)*xsin(f*x + e) + 945x*f)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**(5/2)*(A+B*sin(f*x+e)+C*sin
(fxx+e)**x2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(5/2)* (A+B*sin(f*x+e)+Ckxsin(f
xx+e)~2),x, algorithm="giac")

[Out] Timed out
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319  [(a+asin(e+fx))"(c-csin(e+fx))*? (A + Bsin(e + fx) -
Optimal. Leaf size=322

8c? (—A (4m2 + 24m + 35) +B (—4m2 —8m + 21) -C (4m2 —8m + 19)) cos(e + fx)(asin(e + fx) +a)™ 2c (—A
f@m +5)2m +7) (4m2 +8m + 3) yc —csin(e + fx) -

[Out] (-8*c™2x(B*(21 - 8*m - 4*m~2) - C*x(19 - 8*m + 4*m~2) - A*(35 + 24*m + 4*m~2
))*Cos[e + f*xx]*(a + a*Sin[e + f*x])™m)/(f*(5 + 2*«m)*(7 + 2xm)*(3 + 8*m + 4
*m~2)*Sqrt[c - c*Sin[e + fxx]]) - (2xc*(B*(21 - 8*m - 4*m~2) - C*(19 - 8*m

+ 4xm~2) - Ax(35 + 24*m + 4xm~2))*Cos[e + f*xx]*(a + a*Sin[e + f*x]) m*Sqrt[

c - cxSinfe + f*x]])/(f*(3 + 2xm)*(5 + 2*¥m)*(7 + 2*m)) - (2x(7*B + 2*xC + 2%

Bxm + 4%Cxm)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sin[e + f*x])~(3/2)

Y/ (£x(5 + 2xm)*(7 + 2¥m)) + (2*CxCos[e + f*xx]*(a + axSinl[e + f*x]) m*x(c - ¢
*Sinfe + f£*x])7(5/2))/(cxfx(7 + 2+*m))

Rubi [A] time = 0.711224, antiderivative size = 322, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 48, e

0.083, Rules used = {3039, 2973, 2740, 2738}

integrand size

8¢2 (—A (4m? + 24m + 35) + B (~4m? — 8m + 21) - C (4m? — 8m +19)) cos(e + fx)(asin(e + fx) +a)" 2c(-A
- f@m +5)(2m +7) (4m2 +8m + 3) yc —csin(e + fx) -

Antiderivative was successfully verified.

[In] Int[(a + ax*Sin[e + f*x]) m*x(c - c*Sinl[e + f*x])~(3/2)*(A + B*Sinl[e + f*xx] +
CxSin[e + fx*x]~2),x]

[Out] (-8*c™2x(B*x(21 - 8*m - 4*m~2) - C*x(19 - 8*m + 4*m~2) - A*(35 + 24*m + 4*m~2
))*Cos[e + f*x]*(a + a*Sin[e + fxx])™m)/(£*(5 + 2*m)*(7 + 2xm)*(3 + 8*m + 4
*m~2)*Sqrt[c - c*xSin[e + fxx]]) - (2xc*(B*(21 - 8*m - 4*m~2) - C*(19 - 8*m

+ 4%m~2) - A*(35 + 24xm + 4xm~2))*Cos[e + fxx]*(a + axSin[e + fxx]) m*Sqrt[

c - cxSinfe + f*x]])/(f*(3 + 2xm)*(5 + 2¥m)*(7 + 2*m)) - (2% (7*B + 2*xC + 2%

B*m + 4%Cxm)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c - c*Sin[e + f*x])~(3/2)

)/ (£x(5 + 2%m)*(7 + 2*m)) + (2xCxCos[e + fxx]*(a + axSin[e + f*x]) m*x(c - ¢
*Sinle + f*xx])~(5/2))/(cxf*x(7 + 2¥m))

Rule 3039

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)xx_D)1)"(_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)] + (C_.)*sin[(e_.
) + (f_.)*(x_)]172), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“m*(c + d*Sinfe + f*x])"(n + 1))/(d*f*(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + b*Sin[e + f*x])"m*(c + d*Sin[e + f*x]) n*Simp[A*b*d*(m + n
+ 2) + Ckx(axc*m + bxdx(n + 1)) + (b*Bxd*(m + n + 2) - b*c*xC*x(2*m + 1))*Sin
[e + £*x], x], x], x] /; FreeQ[{a, b, c, 4, e, f, A, B, C, m, n}, x] & EqQ
[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && !'LtQ[m, -27(-1)] && NeQ[m + n + 2,
0]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_ D)+ )D)*((c) + (d_.)*sin[(e_.) + (f_)*(x)1)"(n_), x_Symbol] :> -Si
mp[(B*Cos[e + f*x]*(a + b*Sin[e + f*x]) m*x(c + d*Sinl[e + f*x])"n)/(f*x(m + n
+ 1)), x] - Dist[(B*cx(m - n) - Axd*(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
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f, A, B, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b"2, 0] && !'LtQ[m, -2
~(-1)] && NeQ[m + n + 1, 0]

Rule 2740

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> -Simp[(b*Cos[e + f*x]*(a + b*Sin[e + fx*x])~(
m - 1)*x(c + d*Sinf[e + f*x]) " n)/(f*(m + n)), x] + Dist[(ax(2*m - 1))/(m + n)
, Int[(a + bxSin[e + f*x])~(m - 1)*(c + d*Sin[e + f*x])"n, x], x] /; FreeQ[
{a, b, c, d, e, £, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ
[m - 1/2, 0] && 'LtQ[n, -1] && !'(IGtQ[n - 1/2, 0] && LtQ[n, m]) && !'(ILt
Qm + n, 0] && GtQ[2*m + n + 1, 0])

Rule 2738

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£
_D*(x_)1)7(n_), x_Symbol] :> Simp[(-2*b*Cos[e + f*xx]*(c + d*Sinl[e + f*xx])~
n)/(f*(2*n + 1)*Sqrtla + b*Sin[e + f*x]]), x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] && EqQlbxc + axd, 0] && EqQ[a”2 - b~2, 0] && NeQ[n, -27(-1)]

Rubi steps

_ 2Ccos(e + fx)(a + asin(e + fx))
B cf(7 + 2m)
B _2(7B + 2C + 2Bm + 4Cm) cos(e
B £

2¢ (B (21 - 8m — 4m?) - C (19 -

f(a +asin(e + fx))"™(c - csin(e + fx))3? (A + Bsin(e + fx) + Csin’(e + fx)) dx

8¢2 (B (21 — 8m — 4m2) -C (19
f@+2n

Mathematica [A] time = 5.13681, size = 306, normalized size = 0.95

cyc—csin(e + ) (sin (%(e + fx)) + cos (%(e ; fx))) (a(sin(e + f2) + 1)) (~(2m +1) (4A (4m? + 24m + 35) - 4B (4

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sin[e + f*x]) m*x(c - c*Sin[e + f*xx])~(3/2)*(A + B*Sin[e +
fxx] + CxSin[e + fx*x]~2),x]

[Out] (cx(Cos[(e + fx*x)/2] + Sin[(e + f*x)/2])*(a*x(1l + Sin[e + f*x])) m*Sqrt[c -
cxSin[e + £*x]]*(700%A - 546*%B + 494xC + 760*A*m - 380*B*m + 284*Cxm + 272%
A*m~2 - 120%B*m~2 + 136%C*m~2 + 32*xA*m~3 - 16*B*m~3 + 16*C*m~3 + 2*(3 + 8*m

+ 4*xm~2)*(Bx(7 + 2*m) - C*(13 + 2*m))*Cos[2x(e + f*x)] - (1 + 2*m)*(4*xA*(3

5 + 24*m + 4*m™2) - 4*Bx(63 + 32+m + 4*m~2) + C*x(253 + 80*m + 12+m~2))*Sin[

e + f*xx] + 15*C*Sin[3*(e + f*x)] + 46*C*m*Sin[3*(e + f*x)] + 36*%C*m~2%Sin[3

*(e + f*x)] + 8*Cxm~3*Sin[3*(e + f*x)]))/(2*xf*x(1 + 2+¥m)*(3 + 2*xm)*(5 + 2#*m)

*(7 + 2%m)*(Cos[(e + f*xx)/2] - Sin[(e + f*x)/2]))
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Maple [F] time = 0.715, size = 0, normalized size = 0.

f(a+asin(fx+e))m (c—csin(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

N w

(A+Bsin(fx+e) + C(sin(fx+e))2) dx

[In] int((ata*sin(f*x+e)) m*(c-c*sin(f*x+e))~(3/2)* (A+Bxsin(f*x+e)+Cxsin(f*x+e)”
2),x)

[Out] int((at+a*sin(f*x+e)) m*(c-c*sin(f*x+e)) ~(3/2)*(A+B*sin(f*x+e)+Cxsin(f*x+e)”
2) ,x)

Maxima [B] time = 1.86125, size = 1283, normalized size = 3.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(3/2)*(A+B*sin(f*x+e)+Ckxsin(f
xx+e)"2) ,x, algorithm="maxima")

[Out] -2*((a"m*c™(3/2)*(2*m + 5) - a"m*c~(3/2)*(2*m - 3)*sin(f*x + e)/(cos(f*x +
e) + 1) - a”m*xc”(3/2)*(2xm - 3)*sin(f*x + e)"2/(cos(f*x + e) + 1)72 + a"m*c
~(3/2)*(2#m + B)*sin(f*x + e)~3/(cos(f*x + e) + 1)73)*Axe” (2*xm*log(sin(f*x
+ e)/(cos(fxx + e) + 1) + 1) - mxlog(sin(f*x + e)~2/(cos(f*x + e) + 1)72 +
1))/((4*m~2 + 8*m + 3)*(sin(f*x + e)"2/(cos(f*x + e) + 1)72 + 1)7(3/2)) - 2
*(2"mxc”(3/2)*x(2xm + 9) - 2% (2*m~2 + 9*m)*a"m*c”(3/2)*sin(f*x + e)/(cos(f*x
+e) + 1) + (4xm™2 + 15)*a"m*xc”(3/2)*sin(f*x + e)~2/(cos(f*x + e) + 1)72 +
(4*m~2 + 15)*a"m*c”(3/2)*sin(f*x + e)~3/(cos(f*x + e) + 1)73 - 2x(2*xm~2 +
9+m) *a"m*c” (3/2) *sin(f*x + e)~4/(cos(f*x + e) + 1)74 + a"m*xc~(3/2)*(2*m + 9
)*xsin(f*x + e)75/(cos(f*x + e) + 1)75)*Bxe” (2#m*log(sin(f*x + e)/(cos(f*x +
e) + 1) + 1) - mxlog(sin(f*x + e)"2/(cos(f*x + e) + 1)72 + 1))/((8*m™3 + 3
6xm~2 + 46%m + (8*m~3 + 36*m~2 + 46xm + 15)*sin(f*x + e)~2/(cos(f*x + e) +
1)72 + 15)*(sin(f*x + e)72/(cos(f*x + e) + 1)72 + 1)7(3/2)) + 4*x(2*xa"m*xc” (3
/2)%(2*%m + 13) - 4*x(2*m~2 + 13*m)*a"m*c”(3/2)*sin(f*x + e)/(cos(f*x + e) +
1) + (8*xm~3 + 60*m™2 + 66*m + 91)*a"m*xc~(3/2)*sin(f*x + e)~2/(cos(f*x + e)
+ 1)72 - (8%m~3 + 20*m~2 + 82*m - 35)*a"m*c”(3/2)*sin(f*x + e)~3/(cos(f*x +
e) + 1)73 - (8*xm~3 + 20%m~2 + 82*m - 35)*a"m*c”(3/2)*sin(f*x + e)~4/(cos(f
*x + e) + 1)74 + (8*xm™3 + 60*m~2 + 66*m + 91)*a"mxc”(3/2)*sin(f*x + e)~5/(c
os(f*x + e) + 1)75 - 4x(2xm~2 + 13#m)*a " m*c” (3/2)*sin(f*x + e)~6/(cos(f*x +
e) + 1)76 + 2*a"mxc”(3/2)*(2*m + 13)*sin(f*x + e)77/(cos(f*xx + e) + 1)77)*
Cxe™ (2*mxlog(sin(f*x + e)/(cos(fxx + e) + 1) + 1) - mxlog(sin(f*x + e)72/(c
os(f*xx + e) + 1)72 + 1))/((16*m™4 + 128*m~3 + 344*m~2 + 352%m + 2*(16*m~4 +
128*m~3 + 344xm~2 + 352xm + 105)*sin(f*x + e)”"2/(cos(fxx + e) + 1)72 + (16
*m~4 + 128*m~3 + 344*m~2 + 352#m + 105)*sin(f*x + e)~4/(cos(f*x + e) + 1)74
+ 105)*(sin(f*x + e)~2/(cos(f*x + e) + 1)72 + 1)7(3/2)))/f

Fricas [A] time = 2.06133, size = 1463, normalized size = 4.54

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))”(3/2)* (A+Bxsin(f*x+e)+Cxsin(f
xx+e) "2) ,x, algorithm="fricas")

[Out] -2*((8*Cxc*m™3 + 36%Ckc*m™2 + 46*Ckckm + 15*Cxc)*cos(f*x + e)”4 - 16%x(A + B
+ C)*c*xm™2 — (8*%(B - C)*c*m™3 + 4*x(11*B — 17*C)*c*m~2 + 2% (31*%B - 55*C)*cx*
m + 3x%(7+%B - 13*C)*c)*cos(f*x + e)~3 - 32%(3%A + B - C)*c*xm - (8*x(A + C)*c*
m~3 + 4x(13*A - 6*B + 5*%C)*c*¥m™2 + 2% (47xA - 48%B + 47xC)*c*xm + (35%xA - 42x%
B + 43*C)*c)*cos(f*x + e)72 - 4*x(35%xA — 21xB + 19*%C)*c - (8%(A - B + C)*c*m
"3 + 4% (17*A - 13*B + 17*C)*c*m™2 + 2% (95%A - 63*B + 63*C)*cxm + (175%A - 1
47*B + 143*C)*c)*cos(f*x + e) - (16*x(A + B + C)*c*xm™2 + (8*Cxc*m™3 + 36*Cxc
*m~2 + 46*Ckckm + 15%Cxc)*cos(f*x + e)73 + 324 (3*%A + B — C)xc*xm + (8*B*xc*m™
3 + 4% (11*B - 8*C)*xcxm™2 + 2% (31*%B - 32*C)*c*m + 3*(7xB - 8*C)*c)*cos(f*x +
e)”2 + 4x(35%xA - 21*B + 19%C)*c - (8%(A - B + C)*cxm™3 + 4*(13*%A - 17*B +
13%C)*c*xm™2 + 2% (47*A - 79*B + 79*C)*cxm + (35%A - 63*B + 67*C)*c)*cos(f*x
+ e))*sin(f*x + e))*sqrt(-c*sin(f*xx + e) + c)*(a*xsin(f*x + e) + a) m/(16%fx
m~4 + 128xf*m~3 + 344*xf*m~2 + 352%fxm + (16*xf*m~4 + 128*f*xm~3 + 344*xfxm~2 +
352xf*m + 105*f)*cos(f*x + e) — (16*f*m~4 + 128*f*m~3 + 344*f*m~2 + 352%f*
m + 105%f)*sin(f*x + e) + 105%f)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e))**m*(c-c*sin(f*x+e))**(3/2)* (A+B*sin(f*x+e)+C*sin
(f*x+e) **2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e)) m*(c-cxsin(f*x+e))”(3/2)* (A+B*sin(f*x+e)+C*sin(f
xx+e)"2) ,x, algorithm="giac")

[Out] Timed out
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320  [(a+asin(e+fx))"c - csin(e + fx) (A + Bsin(e + fx) -
Optimal. Leaf size=197

2c(A(2m + 5) — B(2m + 5) — 6Cm + C) cos(e + fx)(asin(e + fx) + a)" N 2c(2Bm + 5B + 4Cm + 2C) cos(e + fx)(a:
f(2m +1)(2m + 5)4/c — csin(e + fx) af(2m + 3)(2m + 5)4/c — csin

[Out] (2*%c*(C - 6%C*m + Ax(5 + 2*m) - B*(5 + 2+#m))*Cos[e + fxx]x(a + axSin[e + fx*
x])™m)/(£x(1 + 2*m)*(5 + 2*m)*Sqrtc - c*Sin[e + fx*x]]) + (2%c*(5*B + 2*C +
2%B*m + 4*C*xm)*Cos[e + f*x]*(a + a*Sinf[e + f*x])~(1 + m))/(a*xf*(3 + 2x*m)*(

5 + 2#m)*Sqrt[c - c*Sin[e + fxx]]) + (2xC*Cos[e + f*x]*(a + a*xSin[e + fx*x])

“m*x(c - c*Sin[e + f*x])~(3/2))/(cxf*(5 + 2%m))

Rubi [A] time = 0.628587, antiderivative size = 197, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 48, e -

0.062, Rules used = {3039, 2971, 2738}

integrand size

2c(A(2m + 5) — B(2m + 5) — 6Cm + C) cos(e + fx)(asin(e + fx) + a)™ N 2c(2Bm + 5B + 4Cm + 2C) cos(e + fx)(a:
f@m +1)(2m + 5)4/c — csin(e + fx) af(2m + 3)(2m + 5)4/c — csin

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*Sqrtlc - c*Sin[e + f*x]]*(A + BxSin[e + fxx] + C
*Sin[e + f*x]~2),x]

[Out] (2*%c*x(C - 6*C*m + A*(5 + 2¥m) - B*(5 + 2¥m))*Cos[e + f*x]*(a + a*xSin[e + f*

x]1)"m)/(£x(1 + 2*m)*(5 + 2*m)*Sqrt[c - c*Sin[e + f*x]]) + (2%c*(5*B + 2*C +
2%B*m + 4*C*xm)*Cos[e + f*x]*(a + a*Sinf[e + f*x])~(1 + m))/(a*xf*(3 + 2x*m)*(

5 + 2xm)*Sqrt[c - c*Sinf[e + fxx]]) + (2xCxCos[e + fxx]*(a + axSin[e + fxx])

“mx(c - c*Sinle + f£*x])7(3/2))/(cxf*x(5 + 2*m))

Rule 3039

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D*&DD"(m_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.
) + (f_.)*(x_)]1"2), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“mx(c + d*Sin[e + f*xx])"(n + 1))/(d*fx(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + bxSin[e + f*x])"m*(c + d*Sin[e + f*x]) n*Simp[A*xb*d*(m + n
+ 2) + Cx(a*xc*m + bxdx(n + 1)) + (b*B*d*(m + n + 2) - bxc*C*(2*m + 1))*Sin
[e + £*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, n}, x] & EqQ
[bxc + a*xd, 0] && EqQ[a"2 - b2, 0] && !'LtQ[m, -27(-1)] && NeQ[m + n + 2,
0]

Rule 2971

Int[Sqrtl(a_.) + (b_.)*sin[(e_.) + (£_.)*(x )]11*((A_.) + (B_.)*sin[(e_.) +
(f_D)*xDD*((c) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Dist
[B/d, Int[Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x])"(n + 1), x], x] - D
ist[(Bxc - Axd)/d, Int[Sqrtl[a + b*Sin[e + f*x]]l*(c + d*Sinle + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, A, B, n}, x] &% EqQ[b*c + a*d, 0] && EqQ[a~
2 - b"2, 0]

Rule 2738

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*x(x_)]11*((c_) + (d_.)*sin[(e_.) + (£
_O*x(x )1)7(n_), x_Symbol] :> Simp[(-2*b*Cos[e + f*x]*(c + d*Sinl[e + fx*x])~
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n)/(fx(2*n + 1)*Sqrt[a + bxSin[e + f*x]]), x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[n, -27(-1)]

Rubi steps

2C cos(e + fx)(a + asin(e + fx))™(
- cf(5 +2m)
2Ccos(e + fx)(a + asin(e + fx))"(
- cf (5 + 2m)
_ 2c¢(C-6Cm + A(5 +2m) - B(5 + 2
- A +2m)(5 +2m

f(a + asin(e + fx))m\/c —csin(e + fx) (A + Bsin(e + fx) + Csin’(e + fx)) dx

Mathematica [A] time = 1.04685, size = 177, normalized size = 0.9

Je—csin(e + ) (sin (%(e ; fx)) + cos (%(e ; fx))) (a(sin(e + fx) +1))" (8Am? + 32Am + 30A +2(2m +1)(2Bm +

Fm +1)@m +3)(2m + 5) (cos (%(e + fx))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sin[e + f*x]) m*Sqrt[c - c*Sin[e + f*x]]*(A + BxSin[e + fx
x] + CxSin[e + f*xx]"2),x]

[Out] ((Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*(ax(1 + Sin[e + f*x])) m*Sqrtlc - cx*
Sinl[e + f*x]]*(30%A - 20%B + 19*%C + 32*%A*m — 8*Bxm + 8*C*m + 8*xA*m™2 + 4*Cx

m~2 - Cx(3 + 8+m + 4*m~2)*Cos[2*x(e + fxx)] + 2+%(1 + 2*m)*(5%B — 4*C + 2xBxm
YxSin[e + £*x]))/(fx(1 + 2*xm)*(3 + 2*¥m)*(5 + 2*m)*(Cos[(e + f*x)/2] - Sin[(

e + £*x)/2]))

Maple [F] time = 0.715, size = 0, normalized size = 0.

f(a + asin (fx + e))m \/c—csin(fx + e) (A + Bsin (fx + e) +C (sin (fx + e))z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c-c*sin(f*x+e)) (1/2)*(A+Bxsin(f*x+e)+Cksin(f*x+e)”
2),x%)

[Out] int((a+a*sin(f*x+e)) m*(c—c*sin(f*x+e)) ~(1/2)*(A+B*sin(f*x+e)+C*xsin(f*x+e)”
2) ,x)

Maxima [B] time = 1.78287, size = 869, normalized size = 4.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))”(1/2)* (A+B*xsin(f*x+e)+Cxsin(f
*xx+e) "2) ,x, algorithm="maxima")
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[Out] -2*%(2x(2*xa"m*sqrt(c)*m*sin(f*x + e)/(cos(f*x + e) + 1) + 2*%a"m*sqrt(c)*m*si
n(f*x + e)”2/(cos(f*x + e) + 1)72 - a"m*xsqrt(c) - a"m*sqrt(c)*sin(f*x + e)”
3/(cos(f*xx + e) + 1)73)*Bxe” (2*m*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1) -
m*xlog(sin(f*x + e)~2/(cos(f*x + e) + 1)72 + 1))/((4*m™2 + 8*m + (4*m~2 + 8
*m + 3)*sin(f*xx + e)72/(cos(f*x + e) + 1)72 + 3)*sqrt(sin(f*x + e)~2/(cos(f
*xx + e) + 1)72 + 1)) - 4x(4*xa"mxsqrt(c)*m*xsin(f*x + e)/(cos(f*x + e) + 1) -
(4*#m~2 + 4xm + 5)*a"mksqrt(c)*sin(f*x + e)72/(cos(f*x + e) + 1)72 - (4*m™2
+ 4xm + b)*a"mxsqrt(c)*sin(f*x + e)~3/(cos(f*x + e) + 1)73 + 4*a"m*sqrt(c)
xm¥sin(f*x + e)”4/(cos(f*x + e) + 1)74 - 2xa"mxsqrt(c) - 2*a "m*sqrt(c)*sin(
fxx + e)75/(cos(f*x + e) + 1)7B)*Cxe” (2*m*log(sin(f*x + e)/(cos(f*x + e) +
1) + 1) - mxlog(sin(f*x + e)72/(cos(f*x + e) + 1)72 + 1))/((8*m~3 + 36%m~2
+ 46xm + 2x(8*m~3 + 36*m~2 + 46+*m + 15)*sin(f*x + e)72/(cos(f*x + e) + 1)72
+ (8*m~3 + 36*%m~2 + 46xm + 15)*sin(f*x + e)”4/(cos(f*x + e) + 1)74 + 15)*s
grt(sin(f*x + e)~2/(cos(f*x + e) + 1)72 + 1)) + (a"m*sqrt(c) + a"mxsqrt(c)*
sin(f*x + e)/(cos(f*x + e) + 1))*Axe” (2*m*log(sin(f*x + e)/(cos(f*x + e) +
1) + 1) - mxlog(sin(f*x + e)~2/(cos(f*x + e) + 1)72 + 1))/((2*m + 1)*sqrt(s
in(f*x + e)"2/(cos(f*x + e) + 1)72 + 1)))/f

Fricas [A] time = 1.86956, size = 786, normalized size = 3.99

2((4Cm2+8Cm+3C)cos(fx+e)3—4(A+B+C)m2+(4(B+C)m2+12Bm+5B—C)cos(fx+e)2—8(2.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))~(1/2)* (A+B*sin(f*x+e)+Ckxsin(f
*xx+e)~2) ,x, algorithm="fricas")

[Out] -2*((4*C*xm~2 + 8*Cxm + 3*C)*cos(f*x + e)”3 - 4x(A + B + C)*m™2 + (4x(B + C)
*m~2 + 12*B*m + 5%B — C)*cos(f*x + e)72 - 8%(2*%A + B)*m — (4*x(A + C)*m™2 +
4x(4xA — B + 2%C)*m + 15%A - 10*B + 11*C)*cos(f*x + e) - (4*(A + B + C)*m™2
- (4xC*m~2 + 8*Cxm + 3*C)*cos(f*x + e)72 + 8%(2*A + B)*m + (4*B*xm™2 + 4%(3
*B - 2%C)*m + 5*%B — 4*C)*cos(f*x + e) + 16%A - 5*B + 7xC)xsin(f*x + e) - 15
xA + 5xB - 7*C)*sqrt(-cxsin(f*x + e) + c)*(a*xsin(f*x + e) + a)"m/(8*f*m~3 +
36*%f*m~2 + 46*xfxm + (8xf*xm~3 + 36*%f*m™2 + 46*xf*m + 15xf)*cos(f*x + e) - (8
*f¥m~3 + 36%f*m”~2 + 46xfxm + 15xf)*sin(f*x + e) + 15%f)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**(1/2)*(A+B*sin(f*x+e)+C*sin
(fxx+e)**2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-cksin(f*x+e))~(1/2)*(A+B*sin(f*x+e)+Ckxsin(f
xx+e)~2),x, algorithm="giac")

[Out] Timed out
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3.21 dx

f (a+a sin(e+fx))m(A+B sin(e+fx)+C sin2(6+fx))
ye—csin(e+fx)
Optimal. Leaf size=170

(A+B+CN%@+ﬂMmm@+fﬂ+mmf4Lm+;m+§€®m@+fﬂ+b) 2B cosie + Fr)asinte + 1)

f@m +1)yJc—csin(e + fx) f(2m +1)/c —csin(e +

[Out] (-2*#B*Cos[e + fxx]*(a + a*Sin[e + f*x])"m)/(f*x(1 + 2*m)*Sqrt[c - c*Sin[e +
fxx]]1) + ((A + B + C)*Cos[e + f*xx]*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (

1 + Sinle + f*x])/2]*(a + a*Sinle + f*x])"m)/(f*(1 + 2*m)*Sqrt[c - cxSin[e

+ f*x]]) - (2%C*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m))/(axf*(3 + 2*m)*S
grtlc - c*Sinfe + fx*x]])

Rubi [A] time = 0.468279, antiderivative size = 170, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 48, e -

integrand size
0.104, Rules used = {3037, 2973, 2745, 2667, 68}

(A+B+C)cos(e+ fx)(asin(e + fx) +a)" ,F, (1,m + %;m + g; %(sin(e + fx) + 1)) 2B cos(e + fx)(asin(e + fx)

f(2m +1)4/c - csin(e + fx) f(2m +1)4/c — csin(e +

Antiderivative was successfully verified.

[In] Int[((a + axSin[e + fx*x]) m*x(A + B*Sin[e + f*x] + C*Sinl[e + f*x]~2))/Sqrtlc
- cxSinfe + fx*x]],x]

[Out] (-2*#B*Cos[e + f*xx]*(a + a*Sin[e + f*x])"m)/(f*(1 + 2*m)*Sqrt[c - c*Sin[e +
fxx]]) + ((A + B + C)*Cos[e + f*x]+*Hypergeometric2F1[1, 1/2 + m, 3/2 + m, (

1 + Sin[e + fxx])/2]*(a + a*Sinf[e + f*x])™m)/(f*(1 + 2x*m)*Sqrt[c - c*Sinfe

+ f*xx]]) - (2%C*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m))/(a*xf*(3 + 2%m)*S
grtlc - c*xSin[e + f*x]])

Rule 3037

Int[(((a_.) + (b_.)*sinl(e_.) + (f_)x(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.)
+ (f_)*(x )] + (C_.)*sin[(e_.) + (f_.)*(x_)172))/Sqrtl(c_.) + (d_.)*sin[(
e_.) + (f_)*(x_)]1], x_Symbol] :> Simp[(-2%C*Cos[e + f*x]*(a + b*Sin[e + fx
x]1)"(m + 1))/ (bxf*x(2#m + 3)*Sqrt[c + d*Sinf[e + f*x]]1), x] + Int[((a + b*Sin
[e + f*x]) m*Simp[A + C + B*Sin[e + f*x], x])/Sqrtlc + d*Sin[e + f*x]], x]
/; FreeQ[{a, b, ¢, d, e, f, A, B, C, m}, x] && EqQ[b*c + axd, 0] && EqQ[a"2
- b2, 0] && 'LtQ[m, -2°(-1)]

Rule 2973

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)D*((c_) + (d_)*sinl[(e_.) + (£_)*(x)1)"(n ), x_Symbol] :> -Si
mp[(BxCos[e + fxx]*(a + bxSin[e + fx*x]) m*(c + d*Sin[e + f*x])"n)/(f*(m + n
+ 1)), x] - Dist[(B*c*x(m - n) - Axd*x(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x])°n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[bxc + axd, 0] &% EqQ[a"2 - b"2, 0] && !'LtQ[m, -2

“(-1)] && NeQ[m + n + 1, 0]

Rule 2745
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)*x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ f*x]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cosl[e + f*x]~ (2*Frac
Part[m]), Int[Cosle + f*x] (2*m)*(c + d*Sin[e + f*x])"(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !'FractionQ[n])

Rule 2667

Int[cos[(e_.) + (£_D)*(x )] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f£_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1]1 || !'IntegerQ[m + 1/2
D

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*xc - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(b*c - axd))])/ (" (n + 1)*(m + 1)), x] /; FreeQ[{a, b, c, d, m}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps

\/c—csin(e+fx) af(3+2m)\/c—csin(e+fx)

f (a + asin(e + fx))" (A + Bsin(e + fx) + C sin®(e + fx)) = 2C cos(e + fx)(a + asin(e + fx))*™

(a + asii
“f

_ _2Bcos(e + fx)(a+ asine + fx))™ _ 2Ccos(e + fx

f( +2m)4/c - csin(e + fx)

af(3 +2m

_ 2B cos(e + fx)(a + asin(e + fx))" B 2Ccos(e+ fx

f( +2m)4Jc - csin(e + fx)

af(3+2m

_ 2B cos(e + fx)(a + asin(e + fx))" _2C cos(e + fx

f(1 +2m)+Jc - csin(e + fx)

_ _2Bcos(e + fx)(a+asin(e + fx))"

af(3+2m
(A+B+CQ)c

f(1 +2m)+Jc—csin(e + fx)

Mathematica [F] time = 180.013, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[((a + a*Sin[e + f*x]) m*(A + BxSin[e + fxx] + C*xSin[e + f*x]~2))/

Sqrtlc - c*Sinf[e + fx*x]],x]

[Out] $Aborted

Maple [F] time = 0.751, size = 0, normalized size = 0.

f(a+asin(fx+e))m (A+Bsin(fx+e) +C(sin(fx+e))2) \/C_CSi:l(fx+e) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) “m* (A+B*sin(fxx+e)+Cxsin(fxx+e)~2)/(c-cxsin(f*x+e)) " (1/
2),x)

[Out] int((a+ta*sin(f*x+e)) m*(A+B*sin(f*x+e)+Cksin(f*x+e)~2)/(c—c*xsin(f*x+e))~(1/
2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m

f dx

\/—csin(fx+e) +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e
))"(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + B#sin(f*x + e) + A)*(a*xsin(f*x + e) + a)“m/sq
rt(-c*sin(f*x + e) + ¢), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos(fx+e)2—Bsin(fx+e) —A—C)\/—csin(fx+e) +c(asin(fx+e) +a)m

csin( x+e)—c

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(A+Bxsin(f*x+e)+Cxsin(f*x+e)”2)/(c-c*xsin(f*x+e
))~(1/2) ,x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)~2 - B*sin(f*x + e) - A - C)*sqrt(-c*sin(f*x + e) +
c)*(axsin(f*xx + e) + a) " m/(c*sin(f*x + e) - c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*sin(f*x+e)+Cksin(f*x+e)**2)/(c-c*sin(f*x
+e))*x(1/2),%)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m

dx
\/—csin (fx+e) +c

[In] integrate((ata*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Cksin(f*x+e) 2)/(c-cxsin(f*x+e
))~(1/2),x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + B*sin(f*x + e) + A)*(a*xsin(f*x + e) + a)”m/sq
rt(-c*sin(f*x + e) + ¢), x)
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3.22 dx

(a+ashﬂe+fx»”TfL+Bsﬂﬂe+fx)+Cshf%e+fx»
f (c—csin(e+fx))3/2

Optimal. Leaf size=216

(A(1 =2m) - B(2m + 3) — C(2m + 7)) cos(e + fx)(asin(e + fx) + a)" ,F; (1,m + %;m + g; %(sin(e + fx) + 1)) @.

4cf(2m + 1)yJc — csin(e + fx)

[Out] ((A + B + C)*Cos[e + f*x]*(a + a*Sinf[e + f*x])~(1 + m))/(4*a*xf*x(c - c*Sinfe
+ £xx])~(3/2)) + ((A + B + 2%A*m + 2%B*m + Cx(9 + 2+%m))*Cos[e + f*x]*(a +
axSin[e + f*xx])"m)/(4*xcxf*(1 + 2#m)*Sqrt[c - cxSin[e + fxx]]) + ((Ax(1 - 2%

m) - Bx(3 + 2*xm) - Cx(7 + 2+#m))*Cos[e + fx*x]+*Hypergeometric2F1[1, 1/2 + m,

3/2 + m, (1 + Sin[e + fx*x])/2]*(a + axSinl[e + fxx])"m)/(4dxc*xf*(1 + 2*m)*Sqr

t[c - c*Sinle + f*x]])

Rubi [A] time = 0.677942, antiderivative size = 216, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 48, e -

0.104, Rules used = {3035, 2973, 2745, 2667, 68}

integrand size

(A(1 - 2m) — B@m + 3) — C(2m + 7)) cos(e + fx)(@sin(e + fx) + a)" ,Fy (1, m+ Sim+ 2 M sine + fx) + 1)) o
+ —

4cf(2m + 1)yJc - csin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + BxSinl[e + f*x] + CxSin[e + f*x]~2))/(c - ¢
xSin[e + fx*x])~(3/2),x]

[Out] ((A + B + C)*Cos[e + f*xx]*(a + a*Sin[e + f*x])~(1 + m))/(4*xaxf*(c - c*Sin[e
+ £*xx])7(3/2)) + ((A + B + 2%A*m + 2*Bxm + Cx(9 + 2xm))*Cos[e + f*x]*(a +
axSin[e + f*x])"m)/(4*xcxf*(1 + 2#m)*Sqrt[c - cxSin[e + fxx]]) + ((Ax(1 - 2%

m) - Bx(3 + 2*xm) - Cx(7 + 2#m))*Cos[e + fx*x]*Hypergeometric2F1[1, 1/2 + m,

3/2 + m, (1 + Sin[e + fx*x])/2]*(a + axSinl[e + fxx])"m)/(4dxc*xf*(1 + 2*m)*Sqr

tlc - c*Sinle + f*x]])

Rule 3035

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +

(E_D)*x&DD " (_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (f_.)*(x_)]1"2), x_Symbol] :> Simp[((a*A - b*B + a*C)*Cos[e + f*x]*(a + b
*Sin[e + f*x]) mx(c + d*Sin[e + f*xx])"(n + 1))/ (2xb*xc*xf*x(2*m + 1)), x] - Di
st[1/(2%bxcxd*(2xm + 1)), Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sin[e + f
*x]) "n*Simp [A*(c™2*%(m + 1) + d™2%(2*%m + n + 2)) - Bxckxd*(m - n - 1) - Cx(c”
2+%m - d72%(n + 1)) + d*x((A*c + B*d)*(m + n + 2) - c*xCx(3*m - n))*Sin[e + f*
x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, n}, x] & EqQ[b*xc +

axd, 0] && EqQ[a”2 - b~2, 0] && (LtQ[m, -27(-1)] || (EqQ[m + n + 2, 0] && N
eQ[2xm + 1, 0]))

Rule 2973

Int[((a ) + (b_.)*sin[(e_.) + (f_D*(x)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*x_)D)*((c) + (d_.)*sin[(e_.) + (f_)*(x_)]1)"(n_), x_Symbol] :> -Si
mp[(BxCos[e + fxx]*(a + bxSin[e + fxx]) m*(c + d*Sin[e + f*x])"n)/(f*x(m + n
+ 1)), x] - Dist[(B*c*x(m - n) - Axd*x(m + n + 1))/(d*(m + n + 1)), Int[(a +
b*Sin[e + f*x]) m*(c + d*Sinl[e + f*x])"n, x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, m, n}, x] && EqQ[bxc + axd, 0] &% EqQ[a"2 - b72, 0] && !LtQ[m, -2
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~(-1)] && NeQ[m + n + 1, 0]

Rule 2745

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ fxx]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + f*x]~ (2*Frac
Part[m]), Int[Cos[e + f*xx] (2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2667

Int[cos[(e_.) + (f£_D)*(x )] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f_D)*x(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, £, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a”2 - b~2, 0] && (GeQ[p, -1] || !'IntegerQ[m + 1/2
D

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - a*d))])/ (b~ (n + V*(m + 1)), x] /; FreeQ[{a, b, ¢, 4, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[nl]

Rubi steps

f (a +asin(e + fx))" (A + Bsin(e + fx) +C sin’(e + fx)) = (A+ B+ C)cos(e + fx)(a+asin(e + fx))I*™ f B

(c — csin(e + fx))¥?2 4af(c - csin(e + fx))¥?

(a

_ (A+ B+ C)cos(e + fx)(a +asin(e + fx))*™ + (i

4af(c - csin(e + fx))¥?

_ (A+B+C)cos(e+ fx)(a+asin(e + fx))tm

4af(c - csin(e + fx))¥2

_ (A+ B+ C)cos(e + fx)(a+asin(e + fx))I*™

4af(c - csin(e + fx))3/?

_ (A+ B+ C)cos(e + fx)(a+asin(e + fx))I*™

4af(c - csin(e + fx))3/?

Mathematica [C] time = 25.012, size = 14053, normalized size = 65.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) m*(A + B*Sin[e + f*x] + CxSin[e + fx*x]~2))/

(c - c*Sin[e + fx*x])~(3/2),x]

[Out] Result too large to show

(Gl

(G

A
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Maple [F] time = 0.734, size = 0, normalized size = 0.

_3
2

f(a+asin(fx+e))m (A+Bsin( x+e)+C(sin(fx+e))2)(c—csin(fx+e)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cxsin(f*x+e) ~2)/(c-cxsin(f*x+e)) ~(3/
2),x)

[Out] int((a+a*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Cksin(f*x+e)~2)/(c—c*sin(f*x+e)) " (3/
2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) + A)(asin (fx+e) + a)m
dx

N W

(—csin (fx + e) + c)
[In] integrate((ata*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Ckxsin(f*xx+e) 2)/(c-cxsin(f*x+e
))"(3/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)x(a*xsin(f*x + e) + a)"m/(-
cxsin(f*x + e) + ¢)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos(fx+e)2—Bsin(fx+e) —A—C)\/—csin(fx+e) +c(asin(fx+e) +a)m

czcos(fx+e)2 +2czsin(fx+e) —-2¢?

integral /X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e
))~(3/2),x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)72 - B*sin(f*x + e) - A - C)*sqrt(-c*sin(f*x + e) +
c)*(a*xsin(f*x + e) + a)"m/(c™2*xcos(f*xx + e)72 + 2xc™2*xsin(f*x + e) - 2%c”™2

), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*xsin(f*x+e)+Cxsin(f*x+e)**2)/(c-c*xsin(f*x
+e))**(3/2) ,x%)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) +A)(usin (fx+e) + a)m
dx

N W

(—c sin (fx + e) + c)

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*x+e) 2)/(c-cxsin(f*x+e
))~(3/2),x, algorithm="giac")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(f*x + e) + A)*(a*sin(f*x + e) + a)"m/(-
cxsin(f*x + e) + ¢)~(3/2), x)



113

(a+ashﬂe+fx»”TfL+Bsﬂﬂe+fx)+Cshf%e+fx»
f (c—csin(e+fx))>/2

3.23 dx

Optimal. Leaf size=230

(—A (4m2 - 8m + 3) +B (—4m2 —8m + 5) -C (4m2 +24m + 19)) cos(e + fx)(asin(e + fx) + a)" ,F; (1, —_— %; "

32¢2f(2m +1)+Jc — csin(e + fx)

[Out] ((A + B + C)*Cos[e + fxx]*(a + a*xSin[e + f*x])~(1 + m))/(8xaxf*x(c - cxSin[e
+ £xx])7(5/2)) + ((Ax(5 - 2xm) - B*(3 + 2#m) - C*(11 + 2#m))*Cos[e + f*x]*

(a + a*xSin[e + f*x]) m)/(16*xcxf*x(c - c*Sinle + f*x])~(3/2)) - ((Bx(5 - 8#*m

- 4xm~2) - A*(3 - 8#m + 4*m~2) - Cx(19 + 24xm + 4xm~2))*Cos[e + fx*x]*Hyperg
eometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + fx*x])/2]*(a + a*xSin[e + f*x])
“m)/(32%c”2%fx (1 + 2*m)*Sqrt[c - c*Sin[e + f*x]])

Rubi [A] time = 0.69715, antiderivative size = 230, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 48, e -

0.104, Rules used = {3035, 2972, 2745, 2667, 68}

integrand size

(—A (4m2 —8m + 3) +B (—4m2 —8m + 5) -C (4m2 + 24m + 19)) cos(e + fx)(asin(e + fx) +a)" ,F; (1, m+ %; m

32c2f(2m +1)Jc — csin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + BxSinl[e + f*x] + CxSin[e + f*x]~2))/(c - ¢
xSin[e + fx*x])~(5/2),x]

[Out] ((A + B + C)*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m))/(8*axf*x(c - c*Sinle
+ fxx])7(5/2)) + ((A*(5 - 2xm) - B*(3 + 2*m) - C+x(11 + 2*m))*Cos[e + f*x]=*

(a + a*xSin[e + f*x])™m)/(16*xcxf*x(c - c*Sinle + f*x])~(3/2)) - ((Bx(5 - 8#*m

- 4xm”2) - A*(3 - 8%m + 4*m~2) - Cx(19 + 24xm + 4xm~2))*Cos[e + fx*x]*Hyperg
eometric2F1[1, 1/2 + m, 3/2 + m, (1 + Sin[e + f*x])/2]*(a + a*Sin[e + fx*x])
“m)/(32xc”2*f* (1 + 2*m)*Sqrt[c - cxSinle + f*x]])

Rule 3035

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(E_D)*x&DD " (_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (f_.)*(x_)]1"2), x_Symbol] :> Simp[((a*A - b*B + a*C)*Cos[e + f*x]*(a + b
*Sin[e + f*x]) mx(c + d*Sin[e + f*xx])"(n + 1))/ (2xb*xc*xf*x(2*m + 1)), x] - Di
st[1/(2%bxcxd*(2xm + 1)), Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sin[e + f
*x]) "n*Simp [A*(c™2*%(m + 1) + d™2%(2*%m + n + 2)) - Bxckxd*(m - n - 1) - Cx(c”
2+%m - d72%(n + 1)) + d*x((A*c + B*d)*(m + n + 2) - c*xCx(3*m - n))*Sin[e + f*
x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, n}, x] & EqQ[b*xc +
axd, 0] && EqQ[a”2 - b~2, 0] && (LtQ[m, -27(-1)] || (EqQ[m + n + 2, 0] && N
eQ[2xm + 1, 0]))

Rule 2972

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*DD*((c) + (d_)*sinf[(e_.) + (f_)*(x_)1)"(n_.), x_Symbol] :> Sim
pL((Axb - axB)*Cos[e + f*x]*(a + b*Sin[e + fx*x]) m*(c + d*Sin[e + f*x])~"n)/
(axfx(2%m + 1)), x] + Dist[(a*Bx(m - n) + Axbx(m + n + 1))/(a*xbx(2xm + 1)),
Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sin[e + f*x])"n, x], x] /; FreeQ[{
a, b, ¢, d, e, f, A, B, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
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&& (LtQ[m, -2°(-1)] || (ILtQ[m + n, 0] && !SumSimplerQ[n, 1])) && NeQ[2*m
+ 1, 0]

Rule 2745

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ f*x]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + f*x]  (2*Frac
Part[m]), Int[Cosle + f*x] (2*m)*(c + d*Sin[e + f*x])"(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2667

Int[cos[(e_.) + (£_D)*(x)]1" " (p_.)*x((a_) + (b_.)*sinl(e_.) + (f_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1] || !'IntegerQ[m + 1/2
D

Rule 68

Int[((a_) + (b_)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*xc - a*d) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((dx(a
+ bxx))/(bxc - a*d))])/ (b~ (n + V*(m + 1)), x] /; FreeQ[{a, b, ¢, 4, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps

(a

f (a +asin(e + fx))" (A + Bsin(e + fx) + Csin*(e + fx)) = (A+ B+ C)cos(e + fx)(a+asin(e + fx))I*™ ~ t

(c - csin(e + fx))>2 8af(c — csin(e + fx))>?

_ (A+B+C)cos(e + fx)(a+asin(e + fx))tm N (A(

8af(c— csin(e + fx))>2

_ (A+B+C)cos(e + fx)(a+asin(e + fx))tm . (A(

8af(c — csin(e + fx))>2

_ (A+B+C)cos(e + fx)(a+asin(e + fx))ttm . (A(

8af(c— csin(e + fx))>2

_ (A+B+C)cos(e+ fx)(a+asin(e + Fx))ttm N (A(

8af(c— csin(e + fx))>2

Mathematica [B] time = 16.3837, size = 829, normalized size = 3.6

1—tan2(}1(—e—fx+g))

cos™2m (

NI~

(—e - fx+ g)) (cos (%(e + fx)) —sin (%(e + fx)))5 (sin(e + fx)a + a)™ [t

Warning: Unable to verify antiderivative.
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[In] Integrate[((a + axSin[e + f*x]) m*x(A + B*Sin[e + f*x] + CxSinl[e + f*x]~2))/
(c - c*Sinf[e + f*x])~(5/2),x]

[Out] -((Cos[(e + f*x)/2] - Sin[(e + f*x)/2])"5*(a + axSin[e + f*x]) m*x((1 - Tanl[
(-e + Pi/2 - f*x)/4]172)/(1 + Tan[(-e + Pi/2 - f*x)/4]172))"(2*m)*(1 + Tan[(-
e + Pi/2 - £*x)/4]172) 7 (2*xm)*((27(1 - 2#m)*(3*%A - 5%B + 19%C)*Hypergeometric
2F1[2*m, 2*m, 1 + 2*xm, (1 - Tan[(-e + Pi/2 - f*x)/4]72)/2]1)/m + (2°(1 - 2x*m
)*(3%A - 5%B - 13%C)*Hypergeometric2F1[2*m, 1 + 2*m, 2*%(1 + m), (1 - Tan[(-
e + Pi/2 - f*x)/4]172)/2]*(-1 + Tan[(-e + Pi/2 - f*x)/4]172))/(1 + 2#*m) + (4~
(1 - m)*x(A + B + C)*Hypergeometric2F1[-1 + 2*m, 1 + 2%m, 2%(1 + m), (1 - Ta
n[(-e + Pi/2 - fxx)/4]172)/2]*(-1 + Tan[(-e + Pi/2 - fx*x)/4]172))/(1 + 2*m) +

(16%(A - B - 3xC)*Hypergeometric2F1[2, 1 + 2*m, 2%x(1 + m), (1 - Tan[(-e +
Pi/2 - f*x)/4]172)/(1 + Tan[(-e + Pi/2 - f*x)/4]172)]1*(-1 + Tan[(-e + Pi/2 -
fxx)/4]172)*(1 + Tan[(-e + Pi/2 - £*x)/4]172)" (-1 - 2*m))/(1 + 2*m) - (8*%(A +
B + C)*mxHypergeometric2F1[2, 1 + 2xm, 2x(1 + m), (1 - Tan[(-e + Pi/2 - fx
x)/4]1°2)/(1 + Tan[(-e + Pi/2 - f*x)/4]°2)]1*(-1 + Tan[(-e + Pi/2 - fx*x)/4]"2
)*(1 + Tan[(-e + Pi/2 - f*x)/4]72)"(-1 - 2*m))/(1 + 2*m) + (A + B + C)*Cot[
(-e + Pi/2 - f*x)/4]74x(-1 + Tan[(-e + Pi/2 - f*x)/4]"2)*(1 + Tan[(-e + Pi/
2 - £*x)/4]172)7(1 - 2*%m) - (2%(3*%A - 5*B + 19x%C)*Hypergeometric2F1[1, 2%m,
1 + 2«m, (1 - Tan[(-e + Pi/2 - fx*xx)/4]72)/(1 + Tan[(-e + Pi/2 - fx*xx)/4]"2)]
)/ (m*x(1 + Tan[(-e + Pi/2 - fx*x)/4]172)"(2*m))))/(128*Sqrt [2] *f*Cos[(-e + Pi/
2 - £*x)/2]17(2*xm)*(c - c*xSinl[e + f*x])~(5/2))

Maple [F] time = 0.739, size = 0, normalized size = 0.

5

f(a + usin(fx+e))m (A + Bsin (fx +e) + C(sin (fx+e))2) (c—csin (fx+e))_2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Cxsin(f*x+e) ~2)/(c-cxsin(f*x+e)) ~(5/
2),x%)

[Out] int((a+a*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Cksin(f*x+e)~2)/(c—c*sin(f*x+e)) ~(5/
2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) +A)(usin (fx+e) + a)m
dx

NG

(—c sin (fx + e) + c)

[In] integrate((ata*sin(fx*x+e)) m* (A+Bxsin(f*x+e)+Ckxsin(f*x+e)~2)/(c-cxsin(f*x+e
))~(5/2) ,x, algorithm="maxima")

[Out] integrate((Cksin(f*x + e)72 + Bxsin(f*x + e) + A)*(a*sin(f*x + e) + a)"m/(-
cxsin(f*x + e) + ¢)~(5/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

Ccos(fx+e)2—Bsin(fx+e)—A—C)\/—csin(fx+e) +c(asin( x+e)+u)m

integral ,X

3c3cos(fx+e)2—4c3 - (c3cos(fx+e)2—403)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cksin(f*x+e) 2)/(c-cxsin(f*x+e
))~(5/2),x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)72 - B*sin(f*x + e) - A - C)*sqrt(-c*sin(f*x + e) +
c)*x(axsin(f*x + e) + a)"m/(3xc " 3xcos(f*xx + e)”2 - 4%c”3 - (c"3*cos(f*x + e
)"2 - 4%c”3)*sin(f*x + e)), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*sin(f*x+e)+Cksin(f*xx+e)**2)/(c-c*ksin(f*x
+e))*x(5/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin( x+e)2 +Bsin(fx+e) +A)(asin(fx+e) +a)m
dx

NGl

(—c sin (fx + e) + c)
[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cksin(f*x+e) 2)/(c-cxsin(f*x+e
))~(5/2),x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + B*sin(f*x + e) + A)*(axsin(f*xx + e) + a)™m/(-
cxsin(f*x + e) + ¢)7(5/2), x)
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324  [(a+asin(e+fx))"(c-csin(e+fx)) 2™ (A + Bsin(e + fx

Optimal. Leaf size=232

(A+B+C)cos(e+ fx)(asin(e + fx) + a)"*1(c - csin(e + fx))™2  (A-B+C)cos(e+ fx)(asin(e + fx) + a)"(
2af@m + 3) - 2cFm +1)

[Out] -((27(-1/2 - m)*C*Cos[e + fx*x] 3*Hypergeometric2F1[(3 + 2x*m)/2, (3 + 2xm)/2
, (6 +2xm)/2, (1 + Sin[e + f*x])/2]1*(1 - Sinl[e + f*x])~(1/2 + m)*(a + a*xSi

nle + fxx])"m*(c - c*Sinf[e + f*xx])~(-2 - m))/(f*(3 + 2*xm))) + ((A + B + C)*

Cos[e + f*x]*(a + axSin[e + f*x])~(1 + m)*(c - cxSinfe + f*x])"(-2 - m))/(2
xaxf*x(3 + 2+m)) + ((A - B + C)*Cos[e + f*x]*(a + a*xSin[e + fx*x]) m*x(c - cxS

infe + £*x])~ (-1 - m))/(2*xcxf*x(1 + 2+*m))

Rubi [A] time = 0.719757, antiderivative size = 232, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 50, LT

0.12, Rules used = {3035, 2972, 2745, 2689, 70, 69}

integrand size

(A + B+ C)cos(e + fx)(asin(e + fx) + a)" (c — csin(e + fx))™2 (A-B+C)cos(e+ fx)(asin(e + fx) + a)"(
2afQ2m +3) " 2cf@m+1)

Antiderivative was successfully verified.

[In] Int[(a + a*Sinf[e + f*x]) m*(c - c*xSin[e + f*x])" (-2 - m)*(A + BxSin[e + fx*xx
] + CxSinl[e + f*x]~2),x]

[Out] -((27(-1/2 - m)*C*Cos[e + f*x] 3*Hypergeometric2F1[(3 + 2x*m)/2, (3 + 2%m)/2
, (6 + 2xm)/2, (1 + Sin[e + fx*x])/2]*(1 - Sin[e + f*x])~(1/2 + m)*(a + a*Si

nle + f*x])"m*(c - c*Sinfe + f*x])~(-2 - m))/(£x(3 + 2*m))) + ((A + B + C)*

Cosl[e + f*x]*(a + a*xSin[e + f*x])~(1 + m)*(c - cxSinfe + f*x])~(-2 - m))/(2
xaxf*x(3 + 2+m)) + ((A - B + C)*Cos[e + f*x]*(a + a*xSin[e + f*x]) m*x(c - c*S

infe + £*x])~ (-1 - m))/(2xcxfx(1 + 2%m))

Rule 3035

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(E_D)*& DD (_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (f_.)*(x_)]172), x_Symbol] :> Simp[((a*A - b*B + a*C)*Cos[e + f*x]*(a + b
*Sin[e + f*x]) mx(c + d*Sin[e + f*x])"(n + 1))/ (2xbxc*xf*x(2*m + 1)), x] - Di
st[1/(2%bxcxd*(2xm + 1)), Int[(a + b*Sin[e + f*x]) " (m + 1)*(c + d*Sinf[e + f
*x]) "n*kSimp [A*(c™2%(m + 1) + d™2%(2*%m + n + 2)) - Bxckxd*(m - n - 1) - Cx(c”
2+%m - d72%(n + 1)) + d*x((A*c + B*d)*(m + n + 2) - c*xCx(3*m - n))*Sin[e + f*
x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && EqQ[b*c +
axd, 0] && EqQ[a”2 - b~2, 0] && (LtQ[m, -2°(-1)] || (EqQ[m + n + 2, 0] && N
eQ[2xm + 1, 0]))

Rule 2972

Int[((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)]1)"(m_)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*DD*((c) + (d_)*sinf[(e_.) + (f_)*(x_)1)"(n_.), x_Symbol] :> Sim
pL((Axb - axB)*Cos[e + f*x]*(a + bxSin[e + fx*x]) m*(c + d*Sin[e + f*x])"n)/
(axfx(2*%m + 1)), x] + Dist[(a*Bx(m - n) + Axbx(m + n + 1))/(a*xbx(2xm + 1)),
Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])~"n, x], x] /; FreeQ[{
a, b, c, d, e, f, A, B, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (LtQ[m, -2°(-1)1 || (ILtQ[m + n, 0] && !SumSimplerQ[n, 1]1)) && NeQ[2*m
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+ 1, 0]

Rule 2745

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_), x_Symbol] :> Dist[(a"IntPart[m]*c IntPart[m]*(a + b*Sin[e
+ fxx]) FracPart[m]*(c + d*Sin[e + f*x]) FracPart[m])/Cos[e + f*x]~ (2*Frac
Part[m]), Int[Cos[e + f*xx] (2*m)*(c + d*Sin[e + f*x])~(n - m), x], x] /; Fr
eeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0]
&% (FractionQ[m] || !FractionQ[n])

Rule 2689

Int[(cosl[(e_.) + (f_)*x(x_)I*x(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
J)1)"(m_.), x_Symbol] :> Dist[(a"2*x(gxCos[e + f*x])~(p + 1))/(fxg*x(a + bxSi
nle + £*x])~((p + 1)/2)*x(a - bxSinl[e + fxx])~((p + 1)/2)), Subst[Int[(a + b
*x)"(m + (p - 1)/2)*x(a - bxx)~((p - 1)/2), x], x, Sin[e + f*x]], x] /; Free
Ql{a, b, e, f, g, m, p}, x] && EqQ[a"2 - b~2, 0] && !'IntegerQ[m]

Rule 70

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ dxx) “FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*((bx(c + d*x))/(b*c - ax*d))
“FracPart([n]), Int[(a + b*x) m*Simp[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)
, x]°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] & !In
tegerQ[m] && !'IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_.)*(x D))" (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)”~(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
axd))])/(b*x(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[b*c - axd, 0] && 'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - a*d)

, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(bxc - axd)), 0]1))

Rubi steps

(A-=B+C)cos(e+ fx)(a+as

f(a +asin(e + fx))"(c — csin(e + fx))=>" (A + Bsin(e + fx)+C sin®(e + fx)) dx =

_(A+B+C)cos(e+ fx)(a+as

_(A+B+C)cos(e+ fx)(a+as

_(A+B+C)cos(e+ fx)(a+as

_(A+B+C)cos(e+ fx)(a+as

1
2727"Ccos®(e + fx)F; (%(3

Mathematica [C] time = 21.8832, size = 1087, normalized size = 4.69

result too large to display
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Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*x(c - c*Sinl[e + f*x])~(-2 - m)*(A + B*Sin[e
+ fxx] + CxSinl[e + fx*xx]~2),x]

[Out] -((2°(-5 - m)*(-3 + 2xm)*Cot[(-e + Pi/2 - fx*x)/4]"3*(a + axSin[e + f*x]) “mx
(2xA + C + CxCos[2*(-e + Pi/2 - fx*x)] + 2*B*Sin[e + f*x])*(c - c*Sin[e + fx*
x]1)7(-2 - m)*(-(((A + B + C)*Hypergeometric2F1[-3/2 - m, -2*m, -1/2 - m, Ta
nl(-e + Pi/2 - £*x)/4]172])/(3 + 2*m)) - ((3*%A - 5*%B - 13*C)*Hypergeometric2
F1[-1/2 - m, -2*m, 1/2 - m, Tan[(-e + Pi/2 - fx*x)/4]1 2]*Tan[(-e + Pi/2 - fx*
x)/4]172)/(1 + 2*m) + (64*C*AppellF1[1/2 - m, -2#%m, 1, 3/2 - m, Tan[(-e + Pi
/2 - £xx)/4]72, -Tanl[(-e + Pi/2 - fx*x)/4]"2]*Tan[(-e + Pi/2 - fxx)/4]1°4)/(1
- 2%m) - (Tan[(-e + Pi/2 - fx*x)/4]74%((3%xA - 5%B - 13xC)*(-3 + 2*m)*Hyperg
eometric2F1[1/2 - m, -2*m, 3/2 - m, Tan[(-e + Pi/2 - f*x)/4]1°2] + (A + B +
C)*(-1 + 2xm)*Hypergeometric2F1[3/2 - m, -2*m, 5/2 - m, Tan[(-e + Pi/2 - fx
x)/4]"2]*Tan[(-e + Pi/2 - f*x)/4]172))/(3 - 8*m + 4*m~2)))/(f*Sin[(-e + Pi/2
- fxx)/2]7(2*m)*(Cos[(e + fxx)/2] - Sin[(e + £*x)/2])7(2*%(-2 - m))*(64*C*(
-3 + 2x*m)*AppellF1[1/2 - m, -2*m, 1, 3/2 - m, Tan[(-e + Pi/2 - fx*x)/4]172, -
Tan[(-e + Pi/2 - f*x)/4]"2]*Cos[(-e + Pi/2 - f*x)/4]172+Sin[(-e + Pi/2 - fx*x
)/4]174 + 256%C*m*AppellF1[3/2 - m, 1 - 2*m, 1, 5/2 - m, Tan[(-e + Pi/2 - f*
x)/4]172, -Tan[(-e + Pi/2 - f*x)/4]72]*Sin[(-e + Pi/2 - fx*x)/4]176 + 128xCx*Ap
pellF1[3/2 - m, -2*m, 2, 5/2 - m, Tan[(-e + Pi/2 - fx*x)/4]72, -Tan[(-e + Pi
/2 - £*x)/4]72]*Sin[(-e + Pi/2 - f*x)/4]76 - 3*Ax(1 - Tan[(-e + Pi/2 - f*x)
/4172) " (2*m) + 3*Cx(1 - Tan[(-e + Pi/2 - f*x)/4]172)"(2*m) + 2*A*m*(1 - Tan[
(-e + Pi/2 - f*x)/4]172)"(2*m) - 2*C#m*(1 - Tan[(-e + Pi/2 - f*x)/4]172)"(2*m
) - 3*B*Sin[e + f*x]*(1 - Tan[(-e + Pi/2 - f*x)/4]172)"(2%m) - 6*C*Sin[e + f
*x]*%(1 - Tan[(-e + Pi/2 - fxx)/4]172)"(2*m) + 2*B*m*Sin[e + f*x]*(1 - Tan[(-
e + Pi/2 - £*x)/4]172)"(2*m) + 4*C+m*Sin[e + f*x]*(1 - Tan[(-e + Pi/2 - f*x)
/4172)~(2%m))))

Maple [F] time = 1.345, size = 0, normalized size = 0.

f(a + asin (fx + e))m (c —csin (fx + e))_z_m (A + Bsin (fx + e) +C (sin (fx + e))z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*x(c-c*sin(f*x+e))  (-2-m)* (A+Bxsin(f*x+e)+Cxsin(f*x+e)
~2),%)

[Out] int((atax*sin(f*xx+e)) m*x(c-c*xsin(f*x+e)) ~(-2-m)* (A+B*xsin(f*x+e)+Cxsin(f*xx+e)
~2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

m—2

f(C sin (fx + e)z + Bsin (fx + e) + A)(a sin (fx + e) + a)m(—csin (fx + e) + c)_ dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*sin(f*x+e))” (-2-m)* (A+B*sin(f*x+e)+C*sin(
fxx+e)~2),x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)x(a*xsin(f*x + e) + a) m*(-
cksin(f*x + e) + ¢)”(-m - 2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C Ccos ( X + e)z - Bsin (fx + e) -A- C)(a sin (fx + e) + a)m(—c sin ( X + e) + C)—m—z/ x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*sin(f*x+e))~(-2-m)* (A+B*sin(f*x+e)+C*sin(
fxx+e)~2),x, algorithm="fricas")

[Out] integral(-(Ckcos(f*x + e)”2 - Bxsin(f*x + e) - A - C)*(a*sin(f*x + e) + a)”
m* (—cxsin(fxx + e) + ¢)"(-m - 2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c-c*sin(f*x+e))**(-2-m)* (A+B*sin(f*x+e)+Cksi
n(f*x+e)**2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

m—2

f(Csin(fx+e)2 +Bsin(fx+e) +A)(asin(fx+e) +a)m(—csin(fx+e) +c)_ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c-c*ksin(f*x+e))” (-2-m)* (A+B*sin(f*x+e)+Cksin(
fxx+e)~2),x, algorithm="giac")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(f*x + e) + A)*(a*sin(f*x + e) + a) m*(-
cksin(f*x + e) + ¢)”°(-m - 2), x)
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325  [(a+asin(e+fx))"(c+dsin(e+fx))" (A + Bsin(e + fx) +

Optimal. Leaf size=383

V2 cos(e + fx)(asin(e + fx)+a)"(d(Am+n+2)-Bm+n+2)+C(-m+n+1))+c(2Cm + C))(c + dsin(e + f
df(2m +1)(m + n + 2)4/1 — sin(e + fx

[Out] -((C*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*x(c + d*Sinfe + f*x])~(1 + n))/(d*f
*(2 +m + n))) + (Sqrt[2]*(c*(C + 2xC*xm) + d*(Cx(1 - m + n) + A*x(2 + m + n)

- Bx(2 + m + n)))*AppellF1[1/2 + m, 1/2, -n, 3/2 + m, (1 + Sinle + f*x])/2

, —((a*(1 + Sinle + £*x1))/(c - d))I*Cos[e + f*x]*(a + a*Sinl[e + f*x]) m*(c

+ d*Sin[e + f*x])"n)/(d*f*(1 + 2*m)*(2 + m + n)*Sqrt[1 - Sinf[e + f*x]]1*((c

+ d*Sinfe + f*x])/(c - d))"n) - (Sqrt[2]*(c*C*(1 + m) - d*(Cxm + B*x(2 + m

+ n)))*AppellF1[3/2 + m, 1/2, -n, 5/2 + m, (1 + Sinle + f*x])/2, -((d*x(1 +

Sinl[e + f*x]))/(c - d))]1*Cos[e + f*x]*(a + ax*Sin[e + f*x])~(1 + m)*(c + d*S

in[e + f*x])"n)/(axd*xf*(3 + 2*m)*(2 + m + n)*Sqrt[1 - Sin[e + f*x]]1*((c + d
*Sin[e + f*x])/(c - d))"n)

Rubi [A] time = 0.903591, antiderivative size = 381, normalized size of antiderivative =

. . f rul
0.99, number of steps used = 10, number of rules used = 6, integrand size = 45, number of rules

= 0.133, Rules used = {3045, 2987, 2788, 140, 139, 138}

integrand size

V2 cos(e + fx)(asin(e + fx) +a)"(d(Am+n+2)-Bm+n+2)+C(-m+n+1))+c(2Cm + C))(c + dsin(e + f

df(2m +1)(m + n + 2)4/1 = sin(e + fx

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c + d*Sinl[e + f*x]) " n*x(A + B*Sin[e + f*x] + Cx*S
inle + fx*x]~2),x]

[Out] -((CxCos[e + f*x]*x(a + a*Sin[e + f*x]) m*(c + d*Sinle + f*x])~(1 + n))/(d*f
*(2 +m + n))) + (Sqrt[2]*(c*(C + 2xC*xm) + d*(Cx(1 - m + n) + A*x(2 + m + n)

- Bx(2 + m + n)))*AppellF1[1/2 + m, 1/2, -n, 3/2 + m, (1 + Sin[e + f*x])/2

, —((@x(1 + Sinf[e + f*x]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c

+ d*Sin[e + f*x])"n)/(d*f*(1 + 2%m)*(2 + m + n)*Sqrt[1 - Sin[e + f*x]]1*((c

+ d*Sin[e + f*x])/(c - d))"n) + (Sqrt[2]*(Ckd*m - c*C+(1 + m) + Bxd*(2 + m

+ n))*AppellF1[3/2 + m, 1/2, -n, 5/2 + m, (1 + Sin[e + fx*x])/2, -((d*x(1 +

Sinfe + f*x]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + £*x])~(1 + m)*(c + d*S

in[e + f*x])"n)/(axd*f*(3 + 2*m)*(2 + m + n)*Sqrt[1 - Sin[e + f*x]]1*((c + d
*Sinfe + f*x])/(c - d)) n)

Rule 3045

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D*xx)D)1)"(@_)*x((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_ )] + (C_.)*sin[(e_.
) + (£_.)*(x_)]172), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“m*(c + d*Sin[e + f*x])"(n + 1))/(d*f*x(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + bxSin[e + f*x]) m*x(c + d*Sin[e + f*x]) n*Simp[A*b*d*(m + n
+ 2) + Cx(axckm + bxd*(n + 1)) + (Ckx(a*xd*m - b¥xcx(m + 1)) + b*Bxd*(m + n +
2))*Sinle + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, n}, X
] && NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - d"2, 0] && !'LtQ[m
, —27(-1)] && NeQ[m + n + 2, 0]

Rule 2987
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)1*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])™n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 4”2, 0] && NeQ[A*b + ax*B, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)]1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)]1)"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinfe + f*x]]), Subst[Int[((a + b*x)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - b*x], x], x, Sinle + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b72, 0] && NeQ[c™2 - d"2, 0] &&

I IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(bxc - ax*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - axd
) + (bxd*x)/(b*c - a*d)) nx(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(b*c - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*xf))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] & !'IntegerQ[m] && !IntegerQ[n] && 'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !1GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(bx(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, c, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - ax*f), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + b*xx]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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Ccos(e + fx)(a + asin(e + f:
- df(2 +m
_ Ccos(e+ fx)(a+asin(e + f:
T Af(2 +m

fm+aame+ﬂmmuﬂmm@+fmw@Lu%m@+fm+cmﬁ@+f@yu:

_ Ccos(e+ fx)(a+asin(e + f;
T AfQ2+m

_ Ccos(e+ fx)(a+asin(e + f:
T Af2 +m

_ Ccos(e+ fx)(a+asin(e + f:
T dfQ2+m

_ Ccos(e+ fx)(a+asin(e + f:
T Af 2 +m

Mathematica [B] time = 8.77524, size = 2572, normalized size = 6.72

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) mx(c + d*Sin[e + f*x]) nx(A + BxSin[e + fx*x]
+ CxSinfe + fx*x]~2),x]

[Out] -(((-4xBxAppellF1[3/2, (1 - 2*m)/2, -n, 5/2, Sin[(-e + Pi/2 - fxx)/2]72, (2
*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]1*Cos[(-e + Pi/2 - fx*x)/2]° (-1 + 2#*m)
*(Cos[(-e + Pi/2 - f*xx)/2]1°2)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - fx*xx)/2]73%(1 -
Sin[(-e + Pi/2 - f*x)/2]172)"((1 - 2%m)/2 + (-1 + 2*m)/2)*(c + d - 2*d*Sin[
(-e + Pi/2 - £*x)/2]172)"n)/(3*((c + d - 2*d*Sin[(-e + Pi/2 - fx*x)/2]172)/(c
+ d))"n) + (2xCxAppellF1[5/2, (1 - 2*m)/2, -n, 7/2, Sin[(-e + Pi/2 - f*x)/2
172, (2%d*Sin[(-e + Pi/2 - fx*x)/2]1°2)/(c + d)]1*Cos[(-e + Pi/2 - fxx)/2]1 (-1
+ 2*m)*(Cos[(-e + Pi/2 - fx*x)/2]72)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - fx*xx)/2]
“5%(1 - Sin[(-e + Pi/2 - f*x)/2]172)"((1 - 2*m)/2 + (-1 + 2*xm)/2)*(c + d - 2
xd*Sin[(-e + Pi/2 - £*x)/2]172)"n)/(5x((c + d - 2*d*Sin[(-e + Pi/2 - fxx)/2]
~2)/(c + d))"n) - (4*xCxAppellF1[3/2, (-1 - 2*m)/2, -n, 5/2, Sin[(-e + Pi/2
- fxx)/2]72, (2%d*Sin[(-e + Pi/2 - fxx)/2]72)/(c d)]*Cos[(-e + Pi/2 - fx*x
)/21°(1 + 2*m)*(Cos[(-e + Pi/2 - f*x)/2]1°2)"((-1 - 2*m)/2)*Sin[(-e + Pi/2 -
f*x)/2]73%(1 - Sin[(-e + Pi/2 - £*x)/2]72)"((-1 - 2*m)/2 + (1 + 2*m)/2)*(c
+ d - 2*xd*Sin[(-e + Pi/2 - f*x)/2]172)"n)/((c + d - 2*d*Sin[(-e + Pi/2 - fx*
x)/2172)/(c + d))"n - (6%xC*x(c + d)*AppellF1[1/2, -3/2 - m, -n, 3/2, Sin[(-e
+ Pi/2 - f*x)/2]172, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]1°2)/(c + d)]1*Cos[(-e + Pi
/2 - £%x)/2]7(3 + 2*m)*(Cos[(-e + Pi/2 - £*x)/2]72)"(1/2 + (-4 - 2xm)/2)*Si
n[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - f*x)/2]72)"(3/2 + m)*(c + d -
2xd*xSin[(-e + Pi/2 - f*x)/2]172)"n)/(-3*(c + d)*AppellF1[1/2, -3/2 - m, -n,
3/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2*%d*Sin[(-e + Pi/2 - f*x)/2]"2)/(c + d)]
+ (4*d*n*xAppellF1[3/2, -3/2 - m, 1 - n, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2
xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)] + (c + d)*(3 + 2*m)*AppellF1[3/2, -
1/2 - m, -n, 5/2, Sin[(-e + Pi/2 - fx*x)/2]172, (2*%d*Sin[(-e + Pi/2 - fx*x)/2]
~2)/(c + d)1)*Sin[(-e + Pi/2 - £*x)/2]72) - (12«B*(c + d)*AppellF1[1/2, -1/
2 - m, -n, 3/2, Sin[(-e + Pi/2 - £*x)/2]172, (2*%d*Sin[(-e + Pi/2 - £fx*x)/2]"2

+
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)/(c + d)]*Cos[(-e + Pi/2 - £xx)/2]°(1 + 2*m)*(Cos[(-e + Pi/2 - fxx)/2]°2)"
(1/2 + (-2 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - fx*x)/2]
"2)7(1/2 + m)*(c + d - 2xd*Sin[(-e + Pi/2 - £*x)/2]72)"n)/(-3*(c + d)*Appel
1F1[1/2, -1/2 - m, -n, 3/2, Sin[(-e + Pi/2 - f*x)/2]1"2, (2*d*Sin[(-e + Pi/2
- £xx)/2]72)/(c + d)] + (4xd*nxAppellF1[3/2, -1/2 - m, 1 - n, 5/2, Sin[(-e
+ Pi/2 - f*x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + A)] + (¢ + A)*x(1
+ 2*m)*AppellF1[3/2, 1/2 - m, -n, 5/2, Sin[(-e + Pi/2 - fxx)/2]72, (2*dx*Si
n[(-e + Pi/2 - £*x)/2]1°2)/(c + d)])*Sin[(-e + Pi/2 - f*x)/2]72) + (12*xAx*x(c
+ d)*AppellF1[1/2, 1/2 - m, -n, 3/2, Sin[(-e + Pi/2 - f*x)/2]172, (2%d*Sin[(
-e + Pi/2 - f*x)/2]172)/(c + d)]1*Cos[(-e + Pi/2 - f*x)/2]" (-1 + 2*m)*(Cos[(-
e + Pi/2 - fxx)/2]72)"(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/
2 - £xx)/2]172)°(-1/2 + m)*(c + d - 2*d*Sin[(-e + Pi/2 - f*x)/2]1°2)"n)/(3*(c
+ d)*AppellF1[1/2, 1/2 - m, -n, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2xd*Sin[
(-e + Pi/2 - £*x)/2]72)/(c + d)] - (4*d*n*AppellF1[3/2, 1/2 - m, 1 - n, 5/2
, Sin[(-e + Pi/2 - f*x)/2]72, (2%d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + A)] + (
c + d)x(-1 + 2*m)*AppellF1[3/2, 3/2 - m, -n, 5/2, Sin[(-e + Pi/2 - fxx)/2]"
2, (2*%dxSin[(-e + Pi/2 - fxx)/2]72)/(c + d)]1)*Sin[(-e + Pi/2 - fx*x)/2]72) +
(6%C*x(c + d)*AppellF1[1/2, 1/2 - m, -n, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (
2*%d*3in[(-e + Pi/2 - f*x)/2]172)/(c + d)]*Cos[(-e + Pi/2 - f*x)/2]7 (-1 + 2*m
)*(Cos[(-e + Pi/2 - f*x)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[
(-e + Pi/2 - f*x)/2]72)"(-1/2 + m)*(c + d - 2*d*Sin[(-e + Pi/2 - fx*x)/2]72)
“n)/(3*%(c + d)*AppellF1[1/2, 1/2 - m, -n, 3/2, Sin[(-e + Pi/2 - f*x)/2]72,
(2xd*Sin[(-e + Pi/2 - fx*x)/2]72)/(c + d)] - (4*d*n*AppellF1[3/2, 1/2 - m, 1
- n, 5/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2*d*Sin[(-e + Pi/2 - fx*xx)/2]1°2)/(c
+ d)] + (c + d)*(-1 + 2#*m)*AppellF1[3/2, 3/2 - m, -n, 5/2, Sin[(-e + Pi/2 -
f*x)/2]72, (2*xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)])*Sin[(-e + Pi/2 - fx*x
)/2]172))*(a + a*Sinf[e + f*x])“m)/(2xf*Cos[(-e + Pi/2 - f*x)/2]~(2*m))

Maple [F] time = 0.702, size = 0, normalized size = 0.

f(a+asin(fx+e))m (c+dsin(fx+e))n (A+Bsin(fx+e) +C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n*(A+Bxsin(f*x+e)+Cxsin(f*xx+e) "2) ,x

)

[Out] int((at+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n*x(A+Bxsin(f*x+e)+Cxsin(f*x+e)”2) ,x

)

Maxima [F] time = 0., size = 0, normalized size = 0.
2
tfﬁgngww)+Bm¢w+4+Aﬂmmgx+a+ﬁ7mm0x+@+dhx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e)) m*(c+d*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cksin(f*x+e
)72),x, algorithm="maxima")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(fxx + e) + A)*(a*sin(f*x + e) + a)"m*x(d
*sin(f*x + e) + ¢c)"n, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C oS (fx + e)z - Bsin (fx + e) -A- C)(a sin (fx + e) + a)m(d sin (fx + e) + c)n,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+td*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="fricas")

[Out] integral(-(Cxcos(f*x + e)”2 - B*sin(f*x + e) - A - C)*(axsin(f*x + e) + a)~
m* (d*sin(f*x + e) + ¢)"n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+d*sin(f*x+e))**n* (A+B*xsin(f*x+e)+Cxsin(f*x
+e) *x2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="giac")

[Out] Timed out
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326  [(a+asin(e+fx))"(c+dsin(e+fx)) 2™ (A + Bsin(e + fx)
Optimal. Leaf size=410

a2m+% cos(e + fx)(asin(e + fx) +a)™! (cd(Am +A+Bm+Cm+C)—d*(Am +B(m +1) = C(m +1)) + c>(-2Cm
A+ e —d)c+ AP

[Out] ((c™2*C - B*xcxd + A*d~2)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sinl[e +
f*x])"(-1 - m))/(d*x(c”2 - d”2)*f*(1 + m)) - (27(1/2 + m)*a*x(cxd*x(A + C + A
*xm + Bxm + C*m) - c”2%(C + 2*C*xm) - d~2*x(A*m + B*x(1 + m) - Cx(1 + m)))*Cos[
e + fxx]*Hypergeometric2F1[1/2, 1/2 - m, 3/2, ((c - d)*(1 - Sinle + f*x]))/
(2%(c + d*Sin[e + f*x]))]*(a + a*Sin[e + f*x])~ (-1 + m)*(((c + d)*(1 + Sin[
e + £*x]))/(c + d*Sin[e + fxx]))~(1/2 - m))/((c - d)*d*x(c + d)"2*f*(1 + m)*
(c + d*Sinf[e + fxx])"m) + (Sqrt[2]*CxAppellF1[3/2 + m, 1/2, 1 + m, 5/2 + m,
(1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]*Cos[e + f*x]*(a +
a*Sin[e + f*x])~(1 + m)*((c + d*Sin[e + f*x])/(c - d))"m)/(a*x(c - d)*d*f*(
3 + 2#m)*Sqrt[1 - Sin[e + fxx]]*(c + d*Sin[e + f*x]) "m)

Rubi [A] time = 1.05988, antiderivative size = 410, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 49, e e -

integrand size
0.143, Rules used = {3043, 2987, 2788, 132, 140, 139, 138}

a2m+% cos(e + fx)(asin(e + fx) + a)™1 (cd(Am +A+Bm+Cm+C)—d*(Am +B(m +1) = C(m + 1)) + 2(-2Cm
- df(m +1)(c - d)(c + d)?

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c + d*Sinl[e + f*x])~ (-2 - m)*(A + B*Sin[e + f*x
] + CxSinf[e + fx*xx]72),x]

[Out] ((c™2*C - B*cxd + A*d"2)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sinl[e +
fxx])7(-1 - m))/(d*(c”2 - d"2)*f*x(1 + m)) - (27(1/2 + m)*a*x(ckdx(A + C + A
*m + B¥m + Cxm) - c”2*%(C + 2*Cxm) - d™2%(A*m + B*(1 + m) - C*(1 + m)))*Cos[
e + f*x]*Hypergeometric2F1[1/2, 1/2 - m, 3/2, ((c - d)*(1 - Sin[e + f*x]))/
(2% (c + d*Sin[e + f*x]))]*(a + axSin[e + f*x])" (-1 + m)*(((c + d)*(1 + Sin[
e + £f*x]))/(c + d*Sin[e + f*x]))~(1/2 - m))/((c - d)*d*x(c + d)"2*f*x(1 + m)*
(c + d*Sin[e + f*x])"m) + (Sqrt[2]*CxAppellF1[3/2 + m, 1/2, 1 + m, 5/2 + m,
(1 + Sin[e + f*x])/2, -((d*(1 + Sin[e + f*x]))/(c - d))]*Cos[e + f*x]*x(a +
axSinfe + f*x])"(1 + m)*((c + d*Sin[e + f*x])/(c - d))"m)/(ax(c - d)*d*fx*(
3 + 2xm)*Sqrt[1 - Sin[e + fxx]]*(c + d*Sin[e + f*x]) m)

Rule 3043

Int[((a ) + (b_.)*sin[(e_.) + (f_D)*(x)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)xx_)1D) " )*x((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (£_.)*(x_)]172), x_Symbol] :> -Simp[((c™2*C - B*cxd + A*d~2)*Cos[e + fx*x]

*(a + b*Sinfe + f*x]) m*x(c + d*Sin[e + f*x])"(n + 1))/(d*xf*x(n + 1)*(c"2 - 4

~2)), x] + Dist[1/(bxd*(n + 1)*(c”2 - d72)), Int[(a + b*Sinf[e + f*x]) m*(c

+ d*Sinfe + f*x])7(n + 1)*Simp[A*d*(axd*m + b*cx(n + 1)) + (c*C - Bxd)*(axc

*m + bxd*(n + 1)) + b*(d*(B*c - A*d)*(m + n + 2) - Cx(c™2+x(m + 1) + d"2x(n

+ 1)))*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m}, x]
&& NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0] && NeQ[c™2 - 472, 0] && 'LtQ[m,
-27(-1)] && (LtQ[n, -1] || EqQ[m + n + 2, 0])
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Rule 2987

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1) " (m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])“(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 472, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a”"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ [m]

Rule 132

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*x(x_))"(n_)*((e_.) + (f_.)*(x_)
)~ (p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)*(c + d*x) " n*x(e + f*x)"(p + 1)*
Hypergeometric2F1[m + 1, -n, m + 2, -(((d*e - c*f)*(a + b*x))/((b*c - axd)*
(e + £xx)))]1)/(((b*e - axf)*(m + 1))*(((bxe - axf)*(c + d*x))/((bxc - axd)*
(e + f*x)))"n), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] & EqQm + n +
p+ 2, 0] & !'IntegerQ[n]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(bxc - ax*d)) IntPart[n]*
((bx(c + dxx))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - axd
) + (b*xd*x)/(bxc - a*d)) nx(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(b*c - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*xx]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQ[p] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(bx(m + 1)*x(b/
(b*xc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, c, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - axf), 0] && '(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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c?*C — Bed + Adz) cos(e + fx)

d (05
(CZC — Bed + Adz) cos(e + fx)
d (c5

f(a +asin(e + fx))"(c + dsin(e + fx))2 " (A + Bsin(e + fx)+ C sin®(e + fx)) dx = (

(C2C — Bed + Adz) cos(e + fx)
d (05

(c2C - Bed + Ad?) cos(e + fx)
d (c3

(C2C — Bed + Adz) cos(e + fx)
d (05

(cZC - Bed + Adz) cos(e + fx)
d (ci

Mathematica [B] time = 40.0668, size = 5193, normalized size = 12.67

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*x(c + d*Sin[e + f*x])~(-2 - m)*(A + B*Sin[e
+ fxx] + CxSinl[e + fx*xx]~2),x]

[Out] Result too large to show

Maple [F] time = 1.364, size = 0, normalized size = 0.

f(a + asin (fx+e))m (c+dsin (fx+e))_2_m (A+ Bsin (fx+e) + C(sin (fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sin(f*x+e)) m*(c+d*sin(f*x+e) ) (-2-m)* (A+B*sin(f*x+e)+Cxsin(f*x+e)
~2),x%)

[Out] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) ~(-2-m)* (A+B*sin(f*x+e)+Cxsin(f*x+e)
~2),x%)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))” (-2-m)* (A+B*sin(f*x+e)+Cksin(
fxx+e)~2),x, algorithm="maxima")

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C oS (fx + 6)2 — Bsin (fx + e) -A- C)(a sin (fx + e) + a)m(d sin (fx + e) " C)‘m—ZI x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))” (-2-m)* (A+B*sin(f*x+e)+Cksin(
fxx+e)~2),x, algorithm="fricas")

[Out] integral(-(Ckxcos(f*x + e)”2 - Bxsin(f*x + e) - A - C)*(a*sin(f*x + e) + a)”
m* (dxsin(f*x + e) + ¢)"(-m - 2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+d*sin(f*x+e))**(-2-m)* (A+B*sin(f*x+e)+C*si
n(fxx+e)**2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
f(C sin (fx + 6)2 + Bsin (fx + e) + A)(a sin (fx + e) + a)m(dsin (fx + e) + c)_m_2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))” (-2-m)* (A+B*sin(f*x+e)+Cksin(
f*x+e)~2),x, algorithm="giac")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(fxx + e) + A)*(a*sin(f*x + e) + a)"m*(d
*sin(fxx + e) + ¢)"(-m - 2), x)
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327  [(a+asin(e+fx))"(c+dsin(e+fx))¥? (A + Bsin(e + fx) +

Optimal. Leaf size=406

V2(c - d) cos(e + fx)(asin(e + fx) +a)"(2c2Cm + C) —d(-AQ2m +7) + 2Bm + 7B + 2Cm — 5C))\/c +dsin(e + fx)F
df@m +1)@m + 7)1y = sin(e + fa)y/ St

[Out] (-2*CxCosl[e + f*x]*x(a + a*Sin[e + f*x]) m*x(c + d*Sin[e + £*x])~(5/2))/(d*xfx*
(7 + 2xm)) + (Sqrt[2]*(c - d)*(2%c*(C + 2*C*xm) - d*x(7*B — 5xC + 2xB*m + 2%C

xm - Ax(7 + 2xm)))*AppellF1[1/2 + m, 1/2, -3/2, 3/2 + m, (1 + Sin[e + fx*x])

/2, -((d*(1 + Sinf[e + f*x]))/(c - d))]*Cos[e + f*xx]*(a + a*xSin[e + f*x]) m*
Sqrt[c + dxSinle + fxx]]1)/(d*fx(1 + 2*m)*(7 + 2*m)*Sqrt[1 - Sinl[e + f*x]]*S
grt[(c + d*Sinf[e + f*x])/(c - d)]) - (Sqrt[2]*(c - d)*(2%c*Cx(1 + m) - d*(2

xC*xm + B*(7 + 2%m)))*AppellF1[3/2 + m, 1/2, -3/2, 5/2 + m, (1 + Sin[e + fx*x

1)/2, -((d*x(1 + Sin[e + fxx]))/(c - d))]*Cos[e + fxx]*(a + axSin[e + f*x])~

(1 + m)*xSqrt[c + d*Sin[e + f*x]])/(a*xd*f*(3 + 2*m)*(7 + 2*m)*Sqrt[1 - Sin[e

+ f*x]]1*Sqrt[(c + d*Sinle + f*x])/(c - d)]1)

Rubi [A] time = 1.03439, antiderivative size = 403, normalized size of antiderivative =

0.99, number of steps used = 10, number of rules used = 6, integrand size = 47, number of rules

= 0.128, Rules used = {3045, 2987, 2788, 140, 139, 138}

integrand size

\/E(c —d)cos(e + fx)(asin(e + fx) + a)"(2c2Cm + C) —d(-A(2m +7) + 2Bm + 7B + 2Cm — 5C))\/c +dsin(e + fx)F

df@m +1)@m +7)\1 = sin(e + fr)y) “ L2

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*(c + d*Sinl[e + f*x])~(3/2)*(A + B*Sinl[e + fx*xx] +
CxSinl[e + fx*x]~2),x]

[Out] (-2*C*Cos[e + f*x]*(a + a*Sinl[e + f*x])"m*x(c + d*Sinl[e + f*x])~(5/2))/(d*fx*
(7 + 2xm)) + (Sqrt[2]*(c - d)*x(2%c*(C + 2*C*xm) - d*x(7*B - 5xC + 2%B*m + 2*C

*xm - Ax(7 + 2¥m)))*AppellF1[1/2 + m, 1/2, -3/2, 3/2 + m, (1 + Sin[e + fxx])

/2, —((d*x(1 + Sin[e + f*xx]))/(c - d))]*Cos[e + fxx]*(a + ax*xSinl[e + fx*x]) m*
Sqrtc + d*Sinf[e + fx*x]])/(d*f*x(1 + 2*xm)*(7 + 2*xm)*Sqrt[1 - Sin[e + f*x]]*S
grt[(c + d*Sinf[e + f*x])/(c - d)]) + (Sqrt[2]*(c - d)*(2%Ckd*m - 2*c*Cx(1 +

m) + Bxd*(7 + 2xm))*AppellF1[3/2 + m, 1/2, -3/2, 5/2 + m, (1 + Sin[e + f*x

1>/2, -((@*(1 + Sinf[e + fxx]))/(c - d))I*Cos[e + f*xx]*(a + a*Sinl[e + f*x])~

(1 + m)*Sqrtlc + d*Sinle + f*x]])/(axd*f*(3 + 2*m)*(7 + 2*m)*Sqrt[1 - Sin[e

+ f*x]]*Sqrt[(c + d*Sinle + f*x])/(c - d)])

Rule 3045

Int[((a_) + (b_.)*sin[(e_.) + (f_)*x(x )])"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*& )1~ (_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.
) + (£f_.)*(x_)]172), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“mx(c + d*Sinfe + fxx])7"(n + 1))/(d*f*(m + n + 2)), x] + Dist[1/(bxd*(m + n
+ 2)), Int[(a + b*Sinl[e + f*x]) m*(c + d*Sin[e + f*x]) n*Simp[A*b*d*(m + n
+ 2) + Cx(axc*m + b*dx(n + 1)) + (Cx(axd*m - bxcx(m + 1)) + b*Bxd*(m + n +
2))*Sinl[e + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, n}, x
] && NeQ[b*c - axd, 0] && EqQ[a"2 - b72, 0] && NeQ[c"2 - d"2, 0] && !'LtQ[m
, —27(-1)] && NeQ[m + n + 2, 0]

Rule 2987
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)D*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])™n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*xc - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 4”2, 0] && NeQ[A*b + ax*B, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)]1)"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinle + f*x]]), Subst[Int[((a + b*x)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - b*x], x], x, Sinl[e + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b72, 0] && NeQ[c~2 - d"2, 0] &&

I IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - ax*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - ax*xd
) + (bxd*x)/(b*c - a*d)) nx(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(b*c - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] & !'IntegerQ[m] && !IntegerQ[n] && 'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, c, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - ax*f), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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2Ccos(e + fx)(a + asin(e + fx

df(7 + 2r
_ 2Ccos(e+ fx)(a+asin(e + fx
T df(7 +21

f(a +asin(e + fx))"(c + dsin(e + fx))¥? (A + Bsin(e + fx) + Csin’(e + fx)) dx = —

_ 2Ccos(e+ fx)(a+asin(e + fx
T df(7 +21

_ 2Ccos(e+ fx)(a+asin(e + fx
T Af(7 +21

_ 2Ccos(e+ fx)(a+asin(e + fx
T df(7 +21

_ 2Ccos(e+ fx)(a+asin(e + fx
T Af(7 +21

Mathematica [B] time = 9.74848, size = 6591, normalized size = 16.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(a + a*Sin[e + f*x]) mx(c + d*Sin[e + f*x])~(3/2)*(A + B*Sin[e +
fxx] + CxSin[e + fx*x]~2),x]

[Out] Result too large to show

Maple [F] time = 0.727, size = 0, normalized size = 0.

N @

f(a+asin(fx+e))m (c+dsin(fx+e)) (A+Bsin(fx+e) +C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) m*(c+d*sin(f*x+e)) " (3/2)* (A+Bxsin(f*x+e)+Cxsin(f*x+e)”
2),x%)

[Out] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) " (3/2)* (A+Bxsin(f*x+e)+C*sin(f*x+e)”
2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.
f(Csin (fx + e)z + Bsin(fx + e) + A)(dsin (fx + e) + c)g(asin (fx + e) + a)mdx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))”(3/2)* (A+Bxsin(f*x+e)+Cxsin(f
xx+e)"2) ,x, algorithm="maxima")

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*xx + e) + A)x(d*sin(f*x + e) + c)~(3/2
Y*¥(axsin(f*x + e) + a)™m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—((Cc +Bd)cos (fx+e) = (A+C)c—Bd+ (Cd cos (fx+e) —Be—(A+ C)d) sin (fx + e)) dsin (fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))”(3/2)* (A+B*xsin(f*x+e)+Cxsin(f
xx+e) "2) ,x, algorithm="fricas")

[Out] integral(-((C*c + Bxd)*cos(f*x + e)”2 - (A + C)*c - Bxd + (Cxd*cos(f*x + e)
72 - Bxc - (A + C)*d)*sin(f*x + e))*sqrt(d*sin(f*x + e) + c)*(a*xsin(f*x + e

) + a)’m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m*(c+d*sin(f*x+e))**(3/2)*(A+Bxsin(f*x+e)+C*sin
(fxx+e)**x2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))~(3/2)* (A+B*sin(f*x+e)+Ckxsin(f

xx+e)~2) ,x, algorithm="giac")

[Out] Timed out
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3.28  [(a+asin(e+fx))"Jc +dsin(e + fx) (A + Bsin(e + fx) +

Optimal. Leaf size=396

V2 cos(e + fx)(asin(e + fx) +a)"(2c(2Cm + C) —d(—A(2m + 5) + 2Bm + 5B + 2Cm — 3C))\/c +dsin(e + fx)F; (m +
df @m +1)(@m + Sy = sin(e + fa)y/ “2retS)

[Out] (-2*%C*Cos[e + fxx]*(a + a*Sin[e + f*x]) mx(c + d*Sinl[e + f*x])~(3/2))/(d*xfx*
(6 + 2xm)) + (Sqrt[2]*(2*%cx(C + 2*C*m) - d*(5%B - 3*C + 2*%Bxm + 2*Ckm - Ax(

5 + 2%m)))*AppellF1[1/2 + m, 1/2, -1/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d

*(1 + Sinle + f*x]))/(c - d))]1*Cos[e + f*xx]*(a + a*Sin[e + f*x]) m*Sqrt[c +
dxSinf[e + fxx]])/(d*fx(1 + 2*xm)*(5 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrtl(c +
d«Sinf[e + fxx])/(c - d)]) - (Sqrt[2]*(2*%cxC*x(1 + m) - d*x(2xC+m + B*(5 + 2%

m)))*AppellF1(3/2 + m, 1/2, -1/2, 5/2 + m, (1 + Sinle + f*x])/2, -((d*x(1 +

Sinle + f*x]))/(c - d))]1*Cos[e + fxx]x(a + a*Sinf[e + f*x])~(1 + m)*Sqrtlc +
dxSinle + fxx]])/(a*xd*xf*x(3 + 2xm)*(5 + 2xm)*Sqrt[1 - Sin[e + f*x]]*Sqrt[(c

+ dxSinfe + fxx])/(c - dI1)

Rubi [A] time = 0.923472, antiderivative size = 393, normalized size of antiderivative =

0.99, number of steps used = 10, number of rules used = 6, integrand size = 47, number of rules

= 0.128, Rules used = {3045, 2987, 2788, 140, 139, 138}

integrand size

\/Ecos(e + fx)(asin(e + fx) + a)"(2c(2Cm + C) —d(-A(2m + 5) + 2Bm + 5B + 2Cm — 3C))\/c +dsin(e + fx)F; (m +

df @m +1)@m +5)\1 - sin(e + fr)y| L2

Antiderivative was successfully verified.

[In] Int[(a + a*Sin[e + f*x]) m*Sqrt[c + d*Sin[e + fxx]]*(A + BxSin[e + fxx] + C
*Sin[e + f*x]~2),x]

[Out] (-2*C*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*(c + d*Sin[e + £*x])~(3/2))/(dxfx*
(56 + 2xm)) + (Sqrt[2]*(2*%cx(C + 2*C*m) - d*(5%B - 3*C + 2*Bxm + 2%Ckm - Ax*(

5 + 2xm)))*AppellF1[1/2 + m, 1/2, -1/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d

x(1 + Sinle + f*x]))/(c - d))]*Cos[e + fxx]*(a + a*Sin[e + f*x]) m*Sqrt[c +
d«Sinf[e + fxx]])/(d*fx(1 + 2*xm)*(5 + 2*m)*Sqrt[1 - Sin[e + fxx]]*Sqrtl[(c +
d+xSinf[e + fxx])/(c - d)]) + (Sqrt[2]*(2*Cxd*m - 2*c*Cx(1 + m) + B*xdx(5 + 2

*m) ) *AppellF1[3/2 + m, 1/2, -1/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 +

Sinfe + f*x]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m)*Sqrtlc +
d«Sinf[e + fxx]])/(axd*xf*(3 + 2*m)*(5 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrtl[(c

+ dxSinf[e + f*xx])/(c - d)])

Rule 3045

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)]1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D)*& )1~ (_)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.
) + (£f_.)*(x_)]172), x_Symbol] :> -Simp[(C*Cos[e + f*x]*(a + b*Sin[e + fx*x])
“mx(c + d*Sinfe + fxx])7"(n + 1))/(d*f*(m + n + 2)), x] + Dist[1/(bxd*(m + n
+ 2)), Int[(a + b*Sinl[e + f*x]) m*(c + d*Sin[e + f*x]) n*Simp[A*b*d*(m + n
+ 2) + Cx(axc*m + b*xdx(n + 1)) + (Cx(a*d*m - bxc*(m + 1)) + b*Bxd*(m + n +
2))*Sinl[e + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, n}, x
] && NeQ[b*c - axd, 0] && EqQ[a"2 - b72, 0] && NeQ[c"2 - d"2, 0] && !'LtQ[m
, —27(-1)] && NeQ[m + n + 2, 0]

Rule 2987
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*x(x)D*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])™n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*xc - a*d, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - 4”2, 0] && NeQ[A*b + ax*B, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)]1)"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinle + f*x]]), Subst[Int[((a + b*x)~(m - 1/2)*(c + d*x
)"n)/Sqrtla - b*x], x], x, Sinl[e + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b72, 0] && NeQ[c~2 - d"2, 0] &&

I IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - ax*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c - ax*xd
) + (bxd*x)/(b*c - a*d)) nx(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(b*c - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + £*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (b*xe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] & !'IntegerQ[m] && !IntegerQ[n] && 'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) "n*x(b/(b*e - axf))"p), x] /; FreeQ[{a, b, c, d, e, £, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*xe - ax*f), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps



136

2Ccos(e + fx)(a + asin(e + fx))’
- df (5 + 2m)
_ 2Ccos(e+ fx)(a +asin(e + fx))
T df (5 + 2m)

f(a +asin(e + fx))"+/c +dsin(e + fx) (A + Bsin(e + fx) + Csin’(e + fx)) dx =

_ 2Ccos(e + fx)(a +asin(e + fx))
=" af (5 + 2m)

_ 2Ccos(e + fx)(a +asin(e + fx))
=" Af(5 + 2m)

_ 2Ccos(e + fx)(a + asin(e + fx))’
- df(5 +2m)

_2C cos(e + fx)(a + asin(e + fx))’
- df(5 + 2m)

Mathematica [B] time = 8.61626, size = 2574, normalized size = 6.5

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + a*Sin[e + f*x]) m*Sqrt[c + d*Sin[e + fxx]]*(A + BxSin[e + fx
x] + CxSinf[e + fx*x]~2),x]

[Out] (((4*B*AppellF1[3/2, (1 - 2*m)/2, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2
*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]*Cos[(-e + Pi/2 - f*x)/2]" (-1 + 2*m)
*(Cos[(-e + Pi/2 - £*x)/2]172)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2]73*(1 -
Sin[(-e + Pi/2 - f*x)/2]72)"((1 - 2*m)/2 + (-1 + 2*m)/2)*Sqrtc + d - 2x*dx*
Sin[(-e + Pi/2 - £*x)/2]172])/(3*%Sqrt[(c + d - 2*d*Sin[(-e + Pi/2 - fx*x)/2]"
2)/(c + dA)]) - (2xC*AppellF1[5/2, (1 - 2*m)/2, -1/2, 7/2, Sin[(-e + Pi/2 -
f*x)/2]72, (2*xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]*Cos[(-e + Pi/2 - fx*x)/
2]7(-1 + 2xm)*(Cos[(-e + Pi/2 - f*x)/2]172)"((1 - 2*m)/2)*Sin[(-e + Pi/2 - £
xx)/2]76*%(1 - Sin[(-e + Pi/2 - £*x)/2]172)"((1 - 2*m)/2 + (-1 + 2*m)/2)*Sqrt
[c + d - 2%d*Sin[(-e + Pi/2 - £*x)/2]72])/(5%Sqrt[(c + d - 2xd*Sin[(-e + Pi
/2 - £%x)/21°2)/(c + d)]) + (4*C*AppellF1[3/2, (-1 - 2*m)/2, -1/2, 5/2, Sin
[(—e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]*Cos[(-e
+ Pi/2 - £*x)/2]1°(1 + 2*m)*(Cos[(-e + Pi/2 - f*x)/2]172)"((-1 - 2*m)/2)*Sin[
(-e + Pi/2 - f*x)/2]73%(1 - Sin[(-e + Pi/2 - f*x)/2]172)"((-1 - 2*m)/2 + (1
+ 2#m) /2)*Sqrtc + d - 2xd*Sin[(-e + Pi/2 - £*x)/2]72])/Sqrt[(c + d - 2*d*S
in[(-e + Pi/2 - f*x)/2]172)/(c + d)] + (6*%Cx(c + d)*AppellF1[1/2, -3/2 - m,
-1/2, 3/2, Sin[(-e + Pi/2 - fx*x)/2]72, (2%d*Sin[(-e + Pi/2 - f*x)/2]172)/(c
+ d)]*Cos[(-e + Pi/2 - £*x)/2]7(3 + 2*m)*(Cos[(-e + Pi/2 - £x*xx)/2]"2)"(1/2
+ (-4 - 2*m)/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Sin[(-e + Pi/2 - fx*x)/2]72)"(
3/2 + m)*Sqrtc + d - 2*d*Sin[(-e + Pi/2 - £f*x)/2]72])/(-3*%(c + d)*AppellF1
[1/2, -3/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2*d*Sin[(-e + Pi/2
- £%x)/2]172)/(c + A1 + (2*d*AppellF1[3/2, -3/2 - m, 1/2, 5/2, Sin[(-e + Pi
/2 - £*x)/2]72, (2xd*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)] + (c + A)*(3 + 2%
m) *AppellF1[3/2, -1/2 - m, -1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*dxSin[
(-e + Pi/2 - f*x)/2]72)/(c + A)]1)*Sin[(-e + Pi/2 - f*x)/2]72) + (12%«Bx(c +
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d)*AppellF1[1/2, -1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[
(-e + Pi/2 - £*x)/2]172)/(c + d)1*Cos[(-e + Pi/2 - £*x)/2]"(1 + 2*m)*(Cos[(~
e + Pi/2 - £¥x)/2]172)"(1/2 + (-2 - 2#m)/2)*Sin[(-e + Pi/2 - f*x)/2]*(1 - Si
nl(-e + Pi/2 - f*x)/2]72)"(1/2 + m)*Sqrt[c + d - 2*d*Sin[(-e + Pi/2 - f*x)/
2]1721)/(-3*(c + d)*AppellF1[1/2, -1/2 - m, -1/2, 3/2, Sin[(-e + Pi/2 - f*x)
/2172, (2%d*Sinl[(-e + Pi/2 - f*x)/2]172)/(c + d)] + (2*d*AppellF1[3/2, -1/2
- m, 1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]"2, (2%d*Sin[(-e + Pi/2 - f*x)/2]172)
/(c + d)] + (c + d)*(1 + 2*m)*AppellF1[3/2, 1/2 - m, -1/2, 5/2, Sin[(-e + P
i/2 - £xx)/2172, (2*dxSin[(-e + Pi/2 - £xx)/2172)/(c + d)]1)*Sin[(-e + Pi/2
- f*x)/2]172) - (12*%Ax(c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e + Pi
/2 - £*x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]72)/(c + d)]1*Cos[(-e + Pi/2 -
f*x) /217 (-1 + 2*m)*(Cos[(-e + Pi/2 - f*x)/2]172)"(1/2 - m)*Sin[(-e + Pi/2 -
£xx)/2]1%(1 - Sin[(-e + Pi/2 - £xx)/2]172)"(-1/2 + m)*Sqrtlc + d - 2*d*Sin[(-
e + Pi/2 - £¥x)/2172])/(3%(c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2, Sin[(-e
+ Pi/2 - f*x)/2]172, (2*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)] - (2xd*Appel
1F1[3/2, 1/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*Sin[(-e + Pi/2
- f*x)/2172)/(c + d)] + (¢ + d)*(-1 + 2*m)*AppellF1[3/2, 3/2 - m, -1/2, 5/
2, Sin[(-e + Pi/2 - f*x)/2]172, (2%d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)])*S
in[(-e + Pi/2 - f*x)/2]72) - (6%C*(c + d)*AppellF1[1/2, 1/2 - m, -1/2, 3/2,
Sin[(-e + Pi/2 - fxx)/2]72, (2*d*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]*Cos[
(-e + Pi/2 - f*x)/2]17(-1 + 2xm)*(Cos[(-e + Pi/2 - £x*x)/2]172)"(1/2 - m)*Sin[
(-e + Pi/2 - fxx)/2]*(1 - Sin[(-e + Pi/2 - £*x)/2]72)7(-1/2 + m)*Sqrt[c + d
- 2%d*Sin[(-e + Pi/2 - f*x)/2]72])/(3*(c + d)*AppellF1[1/2, 1/2 - m, -1/2,
3/2, Sin[(-e + Pi/2 - fx*x)/2]172, (2xd*Sin[(-e + Pi/2 - f*x)/2]172)/(c + d)]
- (2*d*AppellF1[3/2, 1/2 - m, 1/2, 5/2, Sin[(-e + Pi/2 - f*x)/2]72, (2*d*S
in[(-e + Pi/2 - £*x)/2]1°2)/(c + d)] + (c + d)*(-1 + 2%m)*AppellF1[3/2, 3/2
- m, -1/2, 5/2, Sin[(-e + Pi/2 - fxx)/2]1"2, (2%d*Sin[(-e + Pi/2 - fx*x)/2]"2
)/(c + d)]1)*Sin[(-e + Pi/2 - f*x)/2]172))*(a + a*Sin[e + f*x]) "m)/(2*f*Cos[(
-e + Pi/2 - fxx)/2]7(2*m))

Maple [F] time = 0.712, size = 0, normalized size = 0.

f(a + asin(fx + e))m \/c +dsin (fx + e) (A + Bsin (fx + e) +C (sin (fx + e))z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e) ) (1/2)* (A+Bxsin(f*x+e)+Cksin(f*xx+e)”
2) ,x)

[Out] int((a+a*sin(f*x+e)) m*(c+d*sin(f*x+e)) ~(1/2)*(A+Bxsin(f*x+e)+C*xsin(f*x+e)”
2) ,x%)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(Csin (fx + e)z + Bsin (fx + e) + A)\/dsin (fx + e) + c(asin (fx + e) + a)m dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))”(1/2)* (A+B*xsin(f*x+e)+Cxsin(f
xx+e)~2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)*xsqrt(d*sin(f*x + e) + c)*
(a*sin(f*x + e) + a)’m, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(C cos (fx + 3)2 - Bsin (fx + e) -A- C)\/d sin (fx + e) + c(a sin (fx + e) + a)m, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) mk(c+d*sin(f*x+e))”(1/2)* (A+B*xsin(f*x+e)+Cxsin(f

*xx+e) "2) ,x, algorithm="fricas")

[Out] integral(-(Ckxcos(f*x + e)”2 - Bxsin(f*x + e) - A - C)*sqrt(d*sin(f*x + e) +
c)*(axsin(f*x + e) + a)”m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e))**m*(c+d*sin(fxx+e))**(1/2)* (A+B*sin(f*x+e)+C*sin
(fxx+e) **2) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: AttributeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(c+d*sin(f*x+e))”(1/2)* (A+B*xsin(f*x+e)+Cxsin(f
xx+e)"2) ,x, algorithm="giac")

[Out] Exception raised: AttributeError
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f (a+a sin(e+fx))m(A+B sin(e+fx)+C sin2(6+fx))

ye+d sin(e+fx) dx

3.29

Optimal. Leaf size=389

\/Ecos(e + fx)(asin(e + fx) + a)"(2c(2Cm + C) —d(-A(2m + 3) + 2Bm + 3B + 2Cm — C)),/%ﬂfmﬂ (m + %,‘
df (2m +1)(2m + 3)4/1 - sin(e + fx)4/c + dsin(e + fx)

[Out] (-2*C*Cos[e + f*xx]*(a + a*Sin[e + f*x]) m*Sqrtl[c + d*Sin[e + f*x]])/(d*f*(3
+ 2xm)) + (Sqrt[2]*(2xcx(C + 2xC+m) - d*(3*%B - C + 2%B*m + 2*Cxm - A*(3 +

2*m) ) ) *AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sinle + f*x])/2, -((d*x(1 +
Sinfe + f*x]))/(c - d))]1*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*Sqrt[(c + d*S

infe + f*x])/(c - d)1)/(d*xfx(1 + 2xm)*(3 + 2*xm)*Sqrt[1l - Sin[e + f*xx]]*Sqrt

[c + d*Sinle + f*x]]) - (Sqrt[2]*(2*c*xC*x(1 + m) - d*(2%Cxm + B*(3 + 2xm)))*
AppellF1[3/2 + m, 1/2, 1/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e

+ fxx]))/(c - d))]1*Cosle + f*xx]*(a + a*Sin[e + f*x])~(1 + m)*Sqrt[(c + d*Si

nle + fxx])/(c - d)])/(a*xd*f*(3 + 2*m) " 2xSqrt[1 - Sin[e + f*x]]*Sqrtlc + dx*
Sinl[e + f*x]])

Rubi [A] time = 0.928285, antiderivative size = 386, normalized size of antiderivative =

0.99, number of steps used = 10, number of rules used = 6, integrand size = 47, number of rules

= 0.128, Rules used = {3045, 2987, 2788, 140, 139, 138}

integrand size

V2 cos(e + fx)(asin(e + fx) +a)"(2c(2Cm + C) —d(-A(2m + 3) + 2Bm + 3B + 2Cm — C))ﬂ%ﬂ (m + %;
df(2m +1)2m + 3)\/1 —sin(e + fx)\/c +dsin(e + fx)

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x])"m*(A + B*Sin[e + f*x] + CxSin[e + fx*x]~2))/Sqrtlc
+ d*Sinfle + £*x]],x]

[Out] (-2*C*Cos[e + f*x]*(a + a*Sin[e + f*x]) m*Sqrtlc + d*Sinl[e + f*xx]])/(d*f*(3
+ 2%m)) + (Sqrt[2]*(2xc*x(C + 2xC*m) - d*(3*%B - C + 2*B*m + 2%C*m - A*(3 +

2*m) ) ) *AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m, (1 + Sinle + f*x])/2, -((dx(1 +

Sinle + f*x]))/(c - d))]*Cos[e + f*x]x(a + a*Sinf[e + f*x]) mxSqrt[(c + dx*S

infe + f*x])/(c - d)1)/(d*fx(1 + 2*xm)*(3 + 2*m)*Sqrt[1 - Sin[e + f*x]]*Sqrt

[c + dxSin[e + fxx]]) + (Sqrt[2]*(2*Cxd*m - 2%c*xCx(1 + m) + Bxd*(3 + 2x*m))*
AppellF1[3/2 + m, 1/2, 1/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e

+ fxx]))/(c - d))]1*Cos[e + f*xx]*(a + a*Sin[e + f*x])~(1 + m)*Sqrt[(c + dx*Si

nle + f*xx])/(c - d)]1)/(a*xd*fx(3 + 2*xm) ~"2%Sqrt[1 - Sin[e + f*x]]*Sqrtlc + dx

Sinf[e + f*x]])

Rule 3045

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_D*xx )" (@_)*((A_.) + (B_.)#*sin[(e_.) + (f_.)*(x )] + (C_.)*sin[(e_.
) + (f_.)*(x_)]1"2), x_Symbol] :> -Simp[(CxCos[e + fxx]*(a + bxSin[e + fxx])
“mk(c + dxSinfe + f*x])7(n + 1))/(d*f*(m + n + 2)), x] + Dist[1/(b*d*(m + n
+ 2)), Int[(a + bxSin[e + f*x]) m*x(c + d*Sin[e + f*x]) n*Simp[Axb*d*(m + n
+ 2) + Cx(axc*m + bxdx(n + 1)) + (Cx(a*d*m - b*c*(m + 1)) + b*B*d*x(m + n +
2))*Sinle + f*xx], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, n}, x
] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - d"2, 0] && !'LtQ[m
, —27(-1)] && NeQ[m + n + 2, 0]



140

Rule 2987

Int[((a ) + (b_.)*sinf[(e_.) + (f_D*x(x)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +

(f_D)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*xB)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - d"2, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ[m]

Rule 140

Int[((a)) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((b*(c + d*x))/(b*c - axd)) FracPart[n]), Int[(a + b*xx) m*x((bxc)/(b*c - ax*xd
) + (b*d*x)/(bxc - a*d)) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !'SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*xf))”p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/ (b
xc — axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,

-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) n*x(b/(b*e - a*f))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && 'IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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f (a +asin(e + fx))" (A + Bsin(e + fx) + C sin(e + fx)) Dy = _2C cos(e + fx)(a + asin(e + fx))"+/c + dsin(e A
e+ dsin(e + fx) * df(3 +2m)

B _2C cos(e + fx)(a + asin(e + fx))"+/c + dsin(e A

df(3+2m)

B _2C cos(e + fx)(a + asin(e + fx))"™+/c + dsin(e 4

df(3 + 2m)

B _2C cos(e + fx)(a + asin(e + fx))"™+/c + dsin(e 4

df(3+2m)

_2C cos(e + fx)(a + asin(e + fx))"+/c + dsin(e A

df(3 + 2m)

_2C cos(e + fx)(a + asin(e + fx))"™+/c + dsin(e 4

df(3 + 2m)

Mathematica [B] time = 34.5322, size = 9783, normalized size = 25.15

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + a*Sin[e + f*x]) m*(A + B*Sin[e + f*x] + CxSin[e + fx*x]~2))/
Sqrtlc + d*Sinle + f*x]],x]

[Out] Result too large to show

Maple [F] time = 0.748, size = 0, normalized size = 0.

f(a +asin(fx+e))m (A+Bsin(fx+e) +C(sin(fx+e))2) \/C+dsil(fx+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cxsin(f*x+e) ~2)/(c+d*sin(f*x+e))~(1/
2) ,x)

[Out] int((ata*sin(f*x+e)) m*x(A+Bxsin(f*x+e)+Cxsin(f*x+e)”~2)/(c+d*sin(fxx+e)) "~ (1/
2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(Csin (fx+e)2 + Bsin (fx+e) + A)(asin (fx+e) + a)m

\/dsin(fx+e)+c

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e
))"(1/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)x(a*xsin(f*x + e) + a)“m/sq
rt(dxsin(f*x + e) + ¢c), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx + e)z - Bsin (fx + e) -A- C)(asin (fx + e) + a)m
integral [ - ,X

\/dsin(fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cksin(f*xx+e) 2)/(c+d*sin(f*x+e
))~(1/2) ,x, algorithm="fricas")

[Out] integral(-(Cxcos(f*x + e)”2 - B*sin(f*x + e) - A - C)*(axsin(f*xx + e) + a)~
m/sqrt(d*sin(f*xx + e) + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*xsin(f*x+e)+Cksin(f*x+e)**2)/(c+d*sin(f*x
+e))*x(1/2),x%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m

\/dsin(fx+e)+c

dx

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cksin(f*x+e) 2)/(c+d*sin(f*x+e
))~(1/2),x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)72 + B¥sin(f*x + e) + A)*(a*xsin(f*x + e) + a)"m/sq
rt(dxsin(f*x + e) + c), x)
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(a+ashﬂe+fx»”TfL+Bsﬂﬂe+fx)+Cshf%e+fx»
f (c+d sin(e+fx))3/2

3.30 dx

Optimal. Leaf size=433

c+d sin(e+f7

V2 cos(e + fx)(asin(e + fx) + a)" (—cd(A +4Bm + B+ C) + d*(4Am + A+ B - C) + 2c2(2Cm + C)) ’/T
df(2m +1) (c2 - dz) V1 —sin(e + fx)4/c + dsin(e + fx)

[Out] (2x(c™2%C - B*c*d + Axd~2)*Cos[e + fxx]*(a + a*Sin[e + f*x])"m)/(d*(c”2 - d
~2)*f*Sqrt[c + d*Sin[e + fxx]]) - (Sqrt[2]*(d"2%(A + B - C + 4xA*m) - c*dx*(

A+ B + C + 4%Bxm) + 2xc”2*%(C + 2*C*m))*AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m

, (1 + Sin[e + f*xx])/2, -((d*(1 + Sin[e + fx*x]))/(c - d))]*Cos[e + fxx]*(a

+ axSin[e + f*x]) m*Sqrt[(c + d*Sinf[e + f*x])/(c - d)])/(d*(c”2 - d~2)*f*(1

+ 2#m)*Sqrt[1 - Sin[e + f*x]]*Sqrtlc + d+Sin[e + fxx]]) - (Sqrt[2]*(d*(B*c

- Axd)*x(1 + 2*m) + C*x(d”2 - 2%c™2%(1 + m)))*AppellF1[3/2 + m, 1/2, 1/2, 5/

2 +m, (1 + Sinle + f*x])/2, -((@*(1 + Sinfe + f*x]))/(c - d))]*Cos[e + f*x

Ix(a + axSinf[e + f*x])~(1 + m)*Sqrt[(c + d*Sinle + fx*x])/(c - d)])/(a*xd*(c”

2 - d72)*fx(3 + 2*xm)*Sqrt[1 - Sin[e + f*x]]*Sqrtl[c + d*Sin[e + f*x]])

Rubi [A] time = 1.08999, antiderivative size = 433, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 6, integrand size = 47, e o e

= 0.128, Rules used = {3043, 2987, 2788, 140, 139, 138}

integrand size

c+d sin(e+ 7
c—d

df(2m +1) (c2 - dz) V1 —sin(e + fx)4/c + dsin(e + fx)

V2 cos(e + fx)(asin(e + fx) + a)" (—cd(A +4Bm + B+ C) + d*(4Am + A+ B - C) + 2c2(2Cm + C))

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + B*Sin[e + f*x] + CxSin[e + f*xx]~2))/(c + d
*Sinf[e + fx*xx])~(3/2),x]

[Out] (2x(c™2%C - B*c*d + Axd~2)*Cos[e + fxx]*(a + a*Sin[e + f*x])™m)/(d*x(c”2 - d
~2)xfxSqrt[c + d*Sin[e + f*x]]) - (Sqrt[2]*(d™2*x(A + B - C + 4*xAxm) - cx*dx*(

A + B + C + 4xB*m) + 2xc”2%(C + 2xC*m) )*AppellF1[1/2 + m, 1/2, 1/2, 3/2 + m

, (1 + Sin[e + fx*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]*Cos[e + fxx]x*(a

+ axSin[e + f*x]) m*Sqrt[(c + d*Sinf[e + f*x])/(c - d)])/(d*(c™2 - d72)*f*(1

+ 2xm)*Sqrt[1 - Sin[e + f*x]]*Sqrtlc + d*Sinl[e + f*x]]) - (Sqrt[2]*(Cxd"2

- 2%c72*%C*x(1 + m) + dx(B*c - Axd)*(1 + 2#m))*AppellF1[3/2 + m, 1/2, 1/2, 5/

2 +m, (1 + Sinfe + f*x])/2, -((d*(1 + Sinl[e + f*x]))/(c - d))]*Cos[e + f*x

Ix(a + axSinf[e + f*x])~(1 + m)*Sqrt[(c + d*Sinle + fx*x])/(c - d)])/(a*xd*(c”

2 - d72)*fx(3 + 2*xm)*Sqrt[1 - Sin[e + f*x]]*Sqrtl[c + d*Sin[e + f*x]])

Rule 3043

Int[((a ) + (b_.)*sin[(e_.) + (f_D*(x)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*xx_D)1D) " )*x((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (£f_.)*(x_)]172), x_Symbol] :> -Simp[((c™2*C - B*cxd + A*d~2)*Cos[e + fx*x]

*(a + b*Sinfe + f*x]) m*x(c + d*Sin[e + f*x])"(n + 1))/(d*xf*x(n + 1)*(c"2 - 4

~2)), x] + Dist[1/(b*d*(n + 1)*(c”2 - d72)), Int[(a + b*Sinf[e + f*x]) m*(c

+ d*Sinfe + f*x])7(n + 1)*Simp[A*d*(axd*m + b*cx(n + 1)) + (c*C - Bxd)*(axc

*m + bxd*(n + 1)) + b*(d*(B*c - A*d)*(m + n + 2) - Cx(c™2+«(m + 1) + d"2x(n

+ 1)))*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m}, x]
&& NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0] && NeQ[c™2 - 472, 0] && !'LtQ[m,
-27(-1)] && (LtQ[n, -1] || EqQ[m + n + 2, 0])
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Rule 2987

Int[((a ) + (b_.)*sinf[(e_.) + (f_D*x(x)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +

(f_D)*x)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Di
st[(Axb - a*xB)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sinf[e + f*x]) n, x], x]
+ Dist[B/b, Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B, m, n}, x] && NeQ[b*c - a*xd, 0] && EqQ[a
"2 - b~2, 0] && NeQ[c™2 - d"2, 0] && NeQ[A*b + axB, 0]

Rule 2788

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f_)x(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sinf[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinf[e + f*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0] &&

' IntegerQ[m]

Rule 140

Int[((a)) + (b_)*x(x_))"(m_)*((c_.) + (d_D)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((b*(c + d*x))/(b*c - axd)) FracPart[n]), Int[(a + b*xx) m*x((bxc)/(b*c - ax*xd
) + (b*d*x)/(bxc - a*d)) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] && !SimplerQ[c + d*x, a + b*x] && !'SimplerQle + f*x, a +
b*x]

Rule 139

Int[((a_) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + fxx))/(b*e - axf)) FracPart[p]), Int[(a + b*x) mx(c + d*x) n*((b*e
)/ (bxe - axf) + (bxf*x)/(bxe - a*xf))”p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/ (b
xc — axd), 0] && !'GtQ[b/(b*e - axf), 0]

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,

-((d*(a + b*x))/(b*c - axd)), -((fx(a + b*x))/(b*xe - axf))])/(b*x(m + 1)*x(b/
(bxc - a*d)) n*x(b/(b*e - a*f))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && 'IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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(c +dsine + fx))*2 d (02 - d2) f+Jc +dsin(e + fx)

f (a + asin(e + fx))" (A + Bsin(e + fx) + Csin’(e + fx)) ; 2 (CZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)

2 (CZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
d (02 - d2) f+Jc +dsine + fx)

2 (CZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
d (cz - dz) f+Jc +dsin(e + fx)

2 (CZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
d(c2 - d2) fyJc+dsine + fx)

2 (cZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
d (02 - d2) f+Jc +dsin(e + fx)

2 (cZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
d(c2 - d2) fyc+dsine + fx)

Mathematica [B] time = 33.4828, size = 31436, normalized size = 72.6

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + axSin[e + f*x]) m*x(A + B*Sin[e + f*x] + C*xSinl[e + f*x]~2))/
(c + d*Sinl[e + f*x])~(3/2),x]

[Out] Result too large to show

Maple [F] time = 9.074, size = 0, normalized size = 0.

f(a+asin(fx+e))m (A+Bsin(fx+e) + C(sin(fx+e))2) (c+dsin(fx+e))_§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cksin(f*x+e) ~2)/(c+d*sin(f*x+e)) " (3/
2) ,x)

[Out] int((ata*sin(f*x+e)) m*x(A+B*sin(f*x+e)+Cxsin(f*x+e)”~2)/(c+d*sin(f*x+e))~(3/
2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

J

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m
dx

3
2

(dsin(fx+e) +c)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e
))"(3/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)*(a*sin(fxx + e) + a)"m/(d
*sin(f*x + e) + ¢)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2—Bsin (fx+e) —A—C)\/dsin (fx+e) +c(asin (fx+e) +a)m
dzcos(fx+e)2—2cdsin(fx+e) -2 —d?

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+ta*sin(f*x+e)) m* (A+Bxsin(f*x+e)+Cxsin(f*x+e)~2)/(c+d*sin(f*x+e
))~(3/2) ,x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)”2 - B*sin(fxx + e) - A - C)*sqrt(d*sin(f*x + e) +
c)*(axsin(f*x + e) + a)"m/(d"2xcos(f*x + e)72 - 2xckxd*sin(f*x + e) - ¢c72 -
d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*sin(f*x+e)+Cksin(f*x+e)**2)/(c+d*sin(f*x
+e))**(3/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m
dx

3
(dsin (fx+e) +c)2
[In] integrate((ata*sin(f*x+e)) m*(A+Bxsin(f*x+e)+Cxsin(f*x+e)”~2)/(c+d*sin(f*x+e

))~(3/2) ,x, algorithm="giac")

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(fxx + e) + A)*(a*sin(f*x + e) + a)"m/(d
*sin(f*x + e) + c)~(3/2), x)
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(a+ashﬂe+fx»”TfL+Bsﬂﬂe+fx)+Cshf%e+fx»
f (c+d sin(e+fx))5/2

3.31 dx

Optimal. Leaf size=451

c+d sin(
c—a

V2cos(e + fx)(asin(e + fx) + a)" (cd(3A + 4Bm - B + 3C) + d2(~4Am + A = 3B + 3C) - 2¢2(2Cm + C))

3df(2m +1)(c — d)?(c + d)4/1 — sin(e + fx)4/c + dsin(e +

[Out] (2%(c™2%C - B*c*d + A*xd"2)*Cos[e + f*x]*(a + a*Sin[e + f*x]) m)/(3*d*(c"2 -
d~2)*f*x(c + d*Sinle + f*x])~(3/2)) + (Sqrt[2]*(d"2x(A - 3*B + 3%C - 4*A*m)
+ cxd*x(3%A - B + 3%C + 4%B*m) - 2%c™2x(C + 2%C+*m))*AppellF1[1/2 + m, 1/2,
3/2, 3/2 + m, (1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e + f*x]))/(c - d))]*Cosl[
e + f*x]*(a + a*Sinle + f*x]) m*Sqrt[(c + d*Sinf[e + f*x])/(c - d)]1)/(3*(c -
d)"2*xdx(c + d)*f*x(1 + 2*xm)*Sqrt[1 - Sin[e + f*x]]*Sqrtlc + d*Sin[e + fx*x]]
) + (Sqrt[2]*(Bkckxd*x(1 - 2%m) + 2%c™2%Cx(1 + m) - d72+(A + 3%C - 2%xAxm))*Ap
pellF1[3/2 + m, 1/2, 3/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*(1 + Sin[e +
fxx]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m)*Sqrt[(c + d*Sin[
e + f*xx])/(c - d)]1)/(3*a*x(c - d)"2*xd*x(c + d)*fx(3 + 2*m)*Sqrt[1 - Sin[e + f
*xx]]*Sqrt[c + d*Sinle + f*x]])

Rubi [A] time = 1.16287, antiderivative size = 451, normalized size of antiderivative =

. . f rul
1., number of steps used = 10, number of rules used = 6, integrand size = 47, number of rules

= 0.128, Rules used = {3043, 2987, 2788, 140, 139, 138}

integrand size

c+d sin(
c—d

V2cos(e + fx)(asin(e + fx) + a)" (cd(3A + 4Bm - B + 3C) + d2(~4Am + A = 3B + 3C) - 2¢2(2Cm + C))

3df(2m +1)(c — d)?(c + d)/1 — sin(e + fx)4/c + dsin(e +

Antiderivative was successfully verified.

[In] Int[((a + a*Sin[e + f*x]) m*(A + B*Sin[e + f*x] + CxSin[e + f*x]~2))/(c + d
xSinf[e + fx*x])~(5/2),x]

[Out] (2%(c™2*C - B*c*d + A*d"2)*Cos[e + f*x]*(a + a*Sin[e + f*x])"m)/(3*d*(c"2 -
d~2)*f*x(c + d*Sinle + f*x])~(3/2)) + (Sqrt[2]*(d"2x(A - 3*B + 3%C - 4x*A*m)
+ c*d*x(3%A - B + 3%C + 4xB*m) - 2%c”2x(C + 2xC*m))*AppellF1[1/2 + m, 1/2,
3/2, 3/2 + m, (1 + Sin[e + f*x])/2, —-((d*x(1 + Sin[e + f*x]))/(c - d))]1*Cosl[
e + f*xx]*(a + a*Sinle + f*x]) m*Sqrt[(c + d*Sinf[e + f*x])/(c - d)])/(3*(c -
d)"2xd*x(c + d)*f*(1 + 2#m)*Sqrt[1 - Sinl[e + f*x]]*Sqrtlc + d*Sin[e + f*x]]
) + (Sqrt[2]*(B*ckd*x(1 - 2*%m) + 2%c™2*%Cx(1 + m) - d"2*%(A + 3*%C - 2%Axm))*Ap
pellF1[3/2 + m, 1/2, 3/2, 5/2 + m, (1 + Sin[e + f*x])/2, -((d*x(1 + Sin[e +
fxx]))/(c - d))]*Cos[e + f*x]*(a + a*Sin[e + f*x])~(1 + m)*Sqrt[(c + d*Sin[
e + £xx])/(c - d)])/(Bxa*x(c - d)"2%d*(c + d)*f*(3 + 2*m)*Sqrt[1 - Sinf[e + f
xx]]1*Sqrt[c + d*Sinle + f*x]])

Rule 3043

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)1)"(m_ )*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.)
+ (f_.)*(x_)172), x_Symbol] :> -Simp[((c™2%C - B*ckd + A*d~2)*Cos[e + f*x]

*(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"(n + 1))/(d*f*x(n + 1)*(c"2 - d

~2)), x] + Dist[1/(b*d*x(n + 1)*(c”2 - d72)), Int[(a + b*Sin[e + f*x]) m*(c

+ d*Sinfe + f*x])~(n + 1)*Simp[A*d*(axd*m + b*cx(n + 1)) + (c*C - Bxd)*(axc

*m + bxd*(n + 1)) + bx(d*(Bxc - A*d)*(m + n + 2) - Cx(c™2*x(m + 1) + d"2*(n

+ 1)))*Sin[e + fxx], x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m}, x]
&& NeQ[bxc - axd, 0] && EqQ[a”"2 - b™2, 0] && NeQ[c™2 - 472, 0] && !'LtQ[m,
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-27(-1)] && (LtQ[n, -1] || EqQ[m + n + 2, 0])

Rule 2987

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_)*&D)D*((c_.) + (d_)*sinl(e_.) + (f_D)*(x)1)"(n_), x_Symbol] :> Di
st[(Axb - a*B)/b, Int[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x])"n, x], x]
+ Dist[B/b, Int[(a + b*Sinf[e + f*x]) " (m + 1)*x(c + d*Sin[e + f*x])"n, x], x
1 /; FreeQ[{a, b, c, d, e, £, A, B, m, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a
"2 - b"2, 0] && NeQ[c™2 - d72, 0] && NeQ[Axb + a*xB, 0]

Rule 2788

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)D)"(m_)*((c_) + (d_.)*sin[(e_.) + (
f Ix(x_)])"(n_.), x_Symbol] :> Dist[(a"2*Cos[e + f*x])/(f*Sqrt[a + b*Sin[e
+ f*x]]*Sqrt[a - b*Sin[e + f*x]]), Subst[Int[((a + b*x)"(m - 1/2)*(c + d*x
)7n)/Sqrtla - b*x], x], x, Sinle + fx*x]], x] /; FreeQ[{a, b, c, 4, e, f, m,
n}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b72, 0] && NeQ[c"2 - d"2, 0] &&

I IntegerQ [m]

Rule 140

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(bxc - ax*d)) IntPart[n]*
((bx(c + dxx))/(bxc - axd)) FracPart[n]), Int[(a + b*x) mx((b*xc)/(b*c — axd
) + (b*d*x)/(bxc - a*d)) n*(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQlp] && !'GtQ[b/
(bxc - a*d), 0] && !'SimplerQ[c + d*x, a + b*x] && !SimplerQ[e + f*x, a +
b*xx]

Rule 139

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(bxe - axf)) IntPart[p]*
((bx(e + f*xx))/(b*e - axf)) FracPart[p]), Int[(a + bxx) m*(c + d*x) n*x((b*e
)/ (bxe - axf) + (b*f*x)/(bxe - a*f))"p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, pr, x] && 'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
*c - a*xd), 0] && !'GtQ[b/(bxe - axf), 0]

Rule 138

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((dx(a + b*x))/(bxc - a*xd)), -((fx(a + b*x))/(b*e - a*xf))])/(bx(m + 1)*(b/
(bxc - axd)) nx(b/(b*e - a*xf))"p), x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && !'IntegerQ[m] && !'IntegerQ[n] &% !'IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - ¢
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rubi steps
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cos(e + fx)(a+ asin(e + fx)

f (a + asin(e + fx))" (A + Bsin(e + fx) + Csin’(e + fx)) ; 2 (62C — Bed + Ad?

N | S—"

(c +dsin(e + fx))32 3d (c2 - d2) f(c + dsin(e + fx))¥2
2 (cZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)
- 3d (c2 - dz) f(c+dsin(e + fx))3/2

2 (CZC — Bed + Adz) cos(e + fx)(a + asin(e + fx)

3d (cz - dz) f(c+dsin(e + fx))3/2

2 (CZC — Bcd + Adz) cos(e + fx)(a+ asin(e + fx)

3d (2 - ) f(c + dsin(e + fx))32

2 (02C — Bed + Ad?

—

cos(e + fx)(a+ asin(e + fx)

- 3d (2 -2

—

f(c+dsin(e + fx))32

2 (CZC — Bed + Ad?

~~—

cos(e + fx)(a+ asin(e + fx)

B 3d (c2 —d?

—

f(c+dsin(e + fx))3/2

Mathematica [B] time = 33.6076, size = 20723, normalized size = 45.95

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + axSin[e + fxx]) m*(A + B*Sin[e + f*x] + CxSinl[e + f*x]~2))/
(c + d*Sinf[e + £*x])~(5/2),x]

[Out] Result too large to show

Maple [F] time = 0.73, size = 0, normalized size = 0.

5

f(a + asin (fx + e))m (A + Bsin (fx + e) +C (sin (fx + e))z) (c +dsin (fx + e))_z dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+a*sin(f*x+e)) m* (A+B*sin(f*x+e)+Cxsin(f*x+e)~2)/(c+d*sin(f*xx+e)) ~(5/
2) ,x)

[Out] int((ata*sin(f*x+e)) m*x(A+B*sin(f*x+e)+Cxsin(f*x+e)”2)/(c+d*sin(f*x+e)) ~(5/
2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

J

(Csin (fx+e)2 + Bsin (fx+e) +A)(asin (fx+e) + a)m
dx

5
2

(dsin(fx+e) +c)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*x+e) 2)/(c+d*sin(f*x+e
))"(5/2) ,x, algorithm="maxima"

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)*(a*sin(fxx + e) + a)"m/(d
*sin(f*x + e) + ¢)~(56/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Ccos (fx+e)2—Bsin (fx+e) —A—C)\/dsin (fx+e) +c(asin (fx+e) +a)m
3cdzcos(fx+e)2 -3 -3cd? + (d3cos(fx+e)2—3c2d—d3)sin(fx+e)

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m* (A+B*xsin(f*x+e)+Cksin(f*x+e) 2)/(c+d*sin(f*x+e
))~(5/2) ,x, algorithm="fricas")

[Out] integral((Cxcos(f*x + e)72 - B*sin(f*x + e) - A - C)*sqrt(d*sin(f*x + e) +
c)*(a*sin(f*xx + e) + a)"m/(3*c*d"2xcos(f*x + )72 - ¢c~3 - 3*xcxd™2 + (d~3*co
s(fxx + )72 - 3%c™2%d - d”3)*sin(f*xx + e)), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**m* (A+B*sin(f*x+e)+Cksin(f*xx+e)**2)/(c+d*sin(f*x
+e))*x(5/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin(fx+e)2 +Bsin(fx+e) +A)(asin( x+e) +a)m
dx

5
(dsin (fx+e) +c)2
[In] integrate((ata*sin(f*x+e)) m* (A+B*sin(f*x+e)+Ckxsin(f*xx+e) 2)/(c+d*sin(f*x+e

))~(5/2),x, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)*x(a*sin(fxx + e) + a)"m/(d
*sin(f*x + e) + ¢)~(5/2), x)
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332  [(a+bsin(c+dx)) (A + Bsin(c + dx) + Csin®(c + dx)) dx

Optimal. Leaf size=81

_cos(c + dx)(aB + Ab + bC)

(aC + bB) sin(c + dx) cos(c + dx) N bC cos3(c + dx)
d

2d 3d

1
+ Ex(a(ZA + C) + bB) —

[Out] ((b*B + a*x(2*%A + C))*x)/2 - ((A*xb + a*B + bxC)*Cos[c + d*x])/d + (b*CxCos[c
+ d*x]~3)/(3*d) - ((b*B + ax*xC)*Cos[c + d*x]*Sin[c + dx*xx])/(2%*d)

Rubi [A] time = 0.102217, antiderivative size = 113, normalized size of antiderivative =

1.4, number of steps used = 2, number of rules used = 2, integrand size = 31, number of rules

= 0.065, Rules used = {3023, 2734}

integrand size

cos(c + dx) (a(3bB — aC) + *(3A +2C)) 1 B— '
B ( )( ( = ) ( )) N Ex(a(2A+C)+bB)— (3bB —aC) sm(c6Jdr dx) cos(c + dx) _ Cecos(c+

Antiderivative was successfully verified.

[In] Int[(a + b*Sin[c + d*x])*(A + B*Sin[c + d*x] + CxSin[c + d*xx]~2),x]

[Out] ((b*B + a*x(2*%A + C))*x)/2 - ((b”™2%(3%A + 2*%C) + a*x(3*bxB - axC))*Cos[c + dx
x])/(3%bxd) - ((3%b*B - a*C)*Cos[c + d*x]*Sin[c + d*x])/(6%d) - (CxCos[c +
d*x]*(a + b*Sin[c + d*x])~2)/(3%b*d)

Rule 3023

Int[((a_.) + (b_.)*sin[(e_.) + (f_)*(x )1)"(m_.)*((A_.) + (B_.)*sin[(e_.)

+ (f_.)*(x_)] + (C_.)*sinl[(e_.) + (£_.)*(x_)]172), x_Symbol] :> -Simp[(CxCos

[e + fxx]*(a + bxSinf[e + fxx])"(m + 1))/(bxf*x(m + 2)), x] + Dist[1/(b*(m +

2)), Int[(a + b*Sin[e + f*x]) m*Simp[A*b*x(m + 2) + b*Ckx(m + 1) + (b*Bx(m +

2) - axC)*Sinle + fx*x], x], x], x] /; FreeQ[{a, b, e, f, A, B, C, m}, x] &&
ILtQ[m, -1]

Rule 2734

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)*((c_.) + (d_.)*sinl[(e_.) + (£f_.)
*(x_)]), x_Symbol] :> Simp[((2*a*c + b*d)*x)/2, x] + (-Simp[((b*c + axd)*Co
sle + f*x])/f, x] - Simp[(b*d*Cos[e + f*x]*Sin[e + f*x])/(2*f), x]) /; Free
Ql{a, b, ¢, d, e, £}, x] && NeQ[b*c - a*d, 0]

Rubi steps

C cos(c + dx)(a + bsin(c + dx))? . [(a+bsin(c +
3bd

f (a + bsin(c + dx)) (A + Bsin(c + dx) + Csin(c + d)) dx = -

(bP(3A +2C) + a(3bB - aC))
3bd

= %(bB +a(2A+ C))x -

Mathematica [A] time = 0.207472, size = 92, normalized size = 1.14

-3 cos(c + dx)(4aB + 4Ab + 3bC) + 12aAdx — 3aC sin(2(c + dx)) + 6acC + 6aCdx — 3bB sin(2(c + dx)) + 6bBc + 6b
12d

Antiderivative was successfully verified.
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[In] Integrate[(a + b*Sin[c + d*x])*(A + BxSin[c + d*x] + CxSin[c + d*x]~2),x]

[Out] (6%bxBxc + 6*axc*C + 12%axAxd*x + 6xb*Bxd*x + 6xa*xCxdxx - 3*(4xAxb + 4xaxB
+ 3%bxC)*Cos[c + d*x] + b*CxCos[3*(c + d*x)] - 3*b*BxSin[2*(c + d*x)] - 3*a
*C*xSin[2* (¢ + d*x)]1)/(12*d)

Maple [A] time = 0.034, size = 104, normalized size = 1.3

Cb (2 + (sin (dx + ))?) cos (dx + ¢ i i
% ~ ( (sin ( - ))) ( )+Bb(_cos(dx+c)2s1n(dx+c)+d_x+E)+ac(_cos(dx+c)zsm(dx+c)+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*sin(d*x+c))* (A+B*sin(d*x+c)+Cxsin(d*xx+c)~2),x)

[Out] 1/d*(-1/3*Cxb*(2+sin(d*x+c) ~2)*cos(d*x+c)+B*xb*(-1/2*%cos (d*x+c)*sin(d*x+c)+1
/2xd*xx+1/2%c)+a*xCx (-1/2*xcos (d*x+c) *sin(d*x+c)+1/2*d*x+1/2*c) -Axb*cos (d*x+c)
-Bxaxcos (d*x+c)+A*xax (d*xx+c))

Maxima [A] time = 0.954225, size = 138, normalized size = 1.7

12 (dx + c)Aa + 3 (2dx + 2¢ — sin (2dx + 20))Ca + 3 (2dx + 2¢ — sin (2dx + 2¢))Bb + 4 (cos (dx + ¢)° = 3 cos (dx + c)
12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(d*x+c))* (A+Bxsin(d*x+c)+C*sin(d*x+c)”2),x, algorithm="ma
xima"

[Out] 1/12%(12%(d*x + c)*A*xa + 3% (2xd*x + 2%c - sin(2xd*xx + 2%c))*Cxa + 3*x(2*d*x
+ 2%xc - sin(2*d*x + 2%c))*B*b + 4*(cos(d*x + ¢c)~3 - 3*cos(d*x + c))*Cxb - 1
2xBxakxcos(d*x + c) - 12xAxbxcos(d*x + c))/d

Fricas [A] time = 1.67859, size = 182, normalized size = 2.25

2Cbcos (dx + c)3 +3((2A + C)a + Bb)dx —3(Ca + Bb) cos (dx + c)sin (dx + ¢) — 6 (Ba + (A + C)b) cos (dx + c)
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(d*x+c))*(A+B*sin(d*x+c)+C*sin(d*x+c)~2),x, algorithm="fr
icas")

[Out] 1/6*%(2*xCxb*xcos(d*x + c)~3 + 3*x((2%A + C)*a + Bxb)*d*x - 3*x(Cxa + Bx*b)*cos(d
*x + c)*sin(d*x + c) - 6%(B*xa + (A + C)*b)*cos(d*x + c))/d

Sympy [A] time = 1.7698, size = 189, normalized size = 2.33

d d 2 2 2d 2 2

Abcos (c+dx)  Bacos (c+dx) Bbxsin® (c+dx) Bbx cos? (c+dx)  Bbsin (c+dx) cos (c+dx) Cax sin? (c+dx) Caxcos? (c+dx)  Cas
Aax — - + + - + + - —
x(a +bsin (c)) (A + Bsin (c) + Csin® (c))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(d*x+c))*(A+B*sin(d*x+c)+C*sin(d*x+c)**2) ,x)

[Out] Piecewise((A*a*x - Axb*cos(c + d*x)/d - B*a*cos(c + d*x)/d + Bxb*x*sin(c +
d*x)*x*2/2 + Bxb*xxcos(c + dxx)**2/2 - Bxb*sin(c + d*x)*cos(c + d*x)/(2xd) +
Crxa*x*sin(c + d*xx)**2/2 + Cxaxx*cos(c + d*x)**2/2 - Cxaxsin(c + d*x)*cos(c

+ d*x)/(2*d) - Cxb*sin(c + d*x)**2*cos(c + d*x)/d - 2*Cxb*cos(c + d*xx)**3/
(3%d), Ne(d, 0)), (xx(a + b*sin(c))*(A + Bxsin(c) + Cxsin(c)**2), True))

Giac [A] time = 1.17297, size = 103, normalized size = 1.27

Cbcos(3dx+3c) (4Ba+4Ab+3Cb)cos(dx+c) (Ca+ Bb)sin(2dx+2c)
12d 4d 4d

1
E(ZAa+Ca+Bb)x+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(d*x+c))*(A+B*sin(d*x+c)+C*sin(d*x+c)~2),x, algorithm="gi
ac u)

[Out] 1/2*%(2%A*a + Cxa + Bxb)*x + 1/12%Cxb*cos(3xd*x + 3%c)/d - 1/4%(4*Bxa + 4xAx
b + 3*%Cxb)*cos(d*x + c)/d - 1/4%(C*a + Bxb)*sin(2xdxx + 2x*c)/d
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333 f (a+b sin(e+fx))(A+B3sin(e+fx)+C sinz(e+fx)) dx

sin2 (e+fx)

Optimal. Leaf size=117

ZF( (e+fx-72) )(3aB +3Ab + bC) ZE( e+ fx-1)| 2) (BB -a(A=0) 204 cose + f1) 26CTIET]
3f * f  fysinGe+ fo) 3
[Out] (2x(b*B - a*x(A - C))*EllipticE[(e - Pi/2 + f*x)/2, 2])/f + (2x(3*%Axb + 3x*ax

B + bxC)*EllipticF[(e - Pi/2 + fx*x)/2, 2])/(3%f) - (2%a*xAxCos[e + fxx])/(f*
Sqgrt[Sin[e + f*x]]) - (2xbxCxCos[e + f*x]*Sqrt[Sin[e + f*x]])/(3*f)

Rubi [A] time = 0.219201, antiderivative size = 117, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 41, e e -

integrand size
0.122, Rules used = {3031, 3023, 2748, 2641, 2639}

ZF( (e+fx-72)| )(3aB +3Ab + bC) 215( e+ fx— §)|2) (BB -a(A=0) 204 cose + f) 26CTIET]
3f f s+ fr) 3

Antiderivative was successfully verified.

[In] Int[((a + b*Sin[e + f*x])*(A + B*Sin[e + f*x] + C*Sin[e + f*x]~2))/Sin[e +
fxx]~(3/2) ,x]

[Out] (2x(b*B - a*x(A - C))*EllipticE[(e - Pi/2 + f*x)/2, 2])/f + (2x(3*%Axb + 3x*ax
B + b*C)*EllipticF[(e - Pi/2 + f*x)/2, 2])/(3%f) - (2*axAxCos[e + fx*x])/(f*
Sqrt[Sin[e + f*x]]) - (2xbxCxCos[e + f*x]*Sqrt[Sin[e + f*x]])/(3*f)

Rule 3031

Int[((a_.) + (b_.)*sin[(e_.) + (f_)*x(x)])"(m )*x((c_.) + (d_.)*sin[(e_.) +
(f_D)*_DD*(A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)] + (C_.)*sin[(e_.) + (£
_D)*(x_)]172), x_Symbol] :> -Simp[((b*xc - ax*d)*(A*b~2 - axb*B + a~2*xC)*Cos[e
+ fxx]*(a + b*Sinfe + f*x])"(m + 1))/ (" 2xfx(m + 1)*(a"2 - b"2)), x] - Dis
t[1/(™2+%(m + 1)*(a"2 - b~2)), Int[(a + b*Sinfe + f*x])~(m + 1)*Simp[b*(m +
1)*((b*B - a*C)*x(b*c - a*d) - Axbx(a*c - bxd)) + (b*Bx(a"2*d + b~ 2*xd*(m +
1) - axbxcx(m + 2)) + (b*c - axd)*(A*xb™2x(m + 2) + C*(a”™2 + b™2x(m + 1))))*
Sin[e + f*x] - bxCkxdx(m + 1)*(a”2 - b~2)*Sin[e + f*xx]~2, x], x], x] /; Free
Ql{a, b, c, d, e, f, A, B, C}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b"2, 0]

&& LtQ[m, -1]

Rule 3023

Int[((a_.) + (b_.)*sin[(e_.) + (£_)*(x_ )1)"(m_.)*((A_.) + (B_.)*sin[(e_.)

+ (f_)x(x_)] + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :> -Simp[(C*Cos

[e + fxx]*(a + b*Sin[e + f*x])"(m + 1))/(b*f*x(m + 2)), x] + Dist[1/(bx(m +

2)), Int[(a + bxSin[e + f*x]) m*Simp[A*b*(m + 2) + b*Cx(m + 1) + (b*Bx(m +

2) - axC)*Sin[e + fx*x], x], x], x] /; FreeQ[{a, b, e, f, A, B, C, m}, x] &&
ILtQ[m, -1]

Rule 2748

Int[((b_.)*sin[(e_.) + (f_)*(x)])"(m )*x((c_) + (d_.)*sin[(e_.) + (f_.)*(x
_)1), x_Symbol] :> Dist[c, Int[(b*Sin[e + f*x])"m, x], x] + Dist[d/b, Int[(



155
b*Sinfe + f*x])~(m + 1), x], x] /; FreeQ[{b, c, d, e, f, m}, x]
Rule 2641
Int[1/8qrtlsinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2+EllipticF[(1*(c -
Pi/2 + d*x))/2, 21)/d, x] /; FreeQ[{c, d}, xI]
Rule 2639
Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2*#EllipticE[(1*(c - P

i/2 + d*x))/2, 21)/d, x] /; FreeQl{c, d}, x]

Rubi steps

f (a+ bsin(e + fx)) (A + Bsin(e + fx) + C sinz(e + fx)) e _2aA cos(e + fx) ~ 2f %(—Ab —aB) - %(bB —a(/

sing(e + fx) ) f+/sin(e + fx) :
2aAcos(e+ fx) 2bCcos(e + fx)\/m
T f+/sin(e + fx) - 3f .
_ 2aAcos(e+ fx) 2bC cos(e +fx)\/m ]
FnGe s ) 3
2(bB - a(A - C)E (% (e- 2+ )| 2) 2(3Ab + 2
= 7 4

Mathematica [A] time = 0.748548, size = 97, normalized size = 0.83

2 cos(e+fx)(3aA+bC sin(e+fx

/sin(e+fx)

ZF(i(—Ze ~2fx+7) 2) (3aB + 3Ab + bC) + 6E (i(—Ze ~2fx+7) 2) (a(C = A) +bB) +
3f

Antiderivative was successfully verified.

[In] Integrate[((a + b*Sin[e + f*x])*(A + BxSin[e + f*x] + CxSin[e + fxx]~2))/Si
nle + £*x]7(3/2),x]

[Out] -(6*%(b*B + ax(-A + C))*EllipticE[(-2%e + Pi - 2xfx*x)/4, 2] + 2x(3*%Axb + 3x*a
*B + b*xC)*EllipticF[(-2%e + Pi - 2xfxx)/4, 2] + (2xCos[e + fxx]*(3xa*A + bx
CxSinf[e + f*x]))/Sqrt[Sinf[e + f*x]])/(3x*f)

Maple [B] time = 1.063, size = 516, normalized size = 4.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(f*xx+e))* (A+Bxsin(f*x+e)+Cksin(f*x+e)~2)/sin(f*x+e)~(3/2),x)

[Out] (-A*(1+sin(f*x+e))~(1/2)*(2-2*sin(f*x+e))~(1/2)*(-sin(f*x+e))~(1/2)*Ellipti
cF((1+sin(fxx+e))~(1/2),1/2%27(1/2)) *a+A*b*x (1+sin(f*xx+e)) "~ (1/2) *(2-2*sin(f*
x+e)) " (1/2)*(~sin(f*x+e) )~ (1/2)*EllipticF ((1+sin(f*x+e))~(1/2),1/2%27(1/2))
+2xAx (1+sin(f*xx+e) ) ~(1/2) *(2-2xsin(f*x+e)) " (1/2) *(-sin(f*x+e)) " (1/2)*Ellipt
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icE((1+sin(f*x+e))~(1/2),1/2*%27(1/2) ) *xa+B*a* (1+sin(f*x+e) )~ (1/2) *(2-2*sin(f
*xx+e)) " (1/2)*(-sin(f*x+e)) " (1/2)*EllipticF((1+sin(f*x+e))~(1/2),1/2x27(1/2)
)+Bxb* (1+sin(f*x+e) )~ (1/2)*(2-2*sin(f*x+e) )~ (1/2)*(-sin(f*x+e)) " (1/2)*Ellip
ticF((1+sin(fxx+e))~(1/2),1/2%27(1/2)) -2*B*xb* (1+sin(f*x+e)) ~(1/2) *(2-2*sin(
fxx+e)) " (1/2)*(-sin(f*x+e))~(1/2)*EllipticE((1+sin(f*x+e))~(1/2),1/2*%27(1/2
))+axCx (1+sin(f*x+e) )~ (1/2) % (2-2xsin(f*x+e)) ~(1/2) *(-sin(f*x+e) )~ (1/2)*E11li
pticF((1+sin(f*x+e))~(1/2),1/2%27(1/2))+1/3*Cx (1+sin(f*x+e)) ~(1/2) *(2-2*sin
(fxx+e)) ~(1/2)*(-sin(f*x+e)) ~(1/2)*EllipticF((1+sin(f*x+e))~(1/2),1/2%x2~(1/
2)) ¥b-2*a*xCx (1+sin(f*x+e) )~ (1/2) *(2-2*sin(f*x+e) )~ (1/2)*(-sin(f*x+e)) ~(1/2)
*E1lipticE((1+sin(f*x+e))~(1/2),1/2%27(1/2))-2/3*C*cos (f*x+e) “2*sin(f*xx+e)*
b-2*xA*xaxcos (f*xx+e) ~"2) /cos(f*x+e) /sin(f*x+e) " (1/2)/f

Maxima [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin(fx+e)2 +Bsin(fx+e) +A)(bsin(fx+e) +a)
dx

NI w

sin (fx+e)
[In] integrate((atb*sin(f*x+e))* (A+B*sin(f*x+e)+Cxsin(f*x+e)”2)/sin(f*x+e)”(3/2)
,X, algorithm="maxima"

[Out] integrate((Cksin(f*x + e)”2 + Bxsin(f*x + e) + A)*(b*sin(f*x + e) + a)/sin(
fxx + e)7(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

((Ca +Bb)cos(fx+e)2—(A+C)a—Bb+ (Cbcos(fx+e)2—Ba—(A+ C)b) sin(fx+e)) sin(fx+e)

integral ,2

Ccos (fx+e)2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))*(A+Bxsin(f*x+e)+Cxsin(f*x+e)”2)/sin(f*x+e)”(3/2)
,X, algorithm="fricas")

[Out] integral(((C*a + Bxb)xcos(f*x + e)72 - (A + C)*a - B*b + (Cxb*cos(fxx + e)”
2 - Bxa - (A + C)xb)*sin(f*x + e))*sqrt(sin(f*x + e))/(cos(f*x + e)"2 - 1),
x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))* (A+B*sin(f*x+e)+Cxsin(f*x+e)**2)/sin(f*x+e)**(3/
2),x%)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

J

Verification of antiderivative is not currently implemented for this CAS.

(Csin(fx+e)2 +Bsin(fx+e) +A)(bsin(fx+e) +a)

dx

N

sin (fx + e)

[In] integrate((atb*sin(f*x+e))* (A+B*sin(f*x+e)+Cxsin(f*x+e)”2)/sin(f*x+e)”(3/2)
,X, algorithm="giac")

[Out] integrate((Cxsin(f*x + e)”2 + Bxsin(f*x + e) + A)*(b*sin(fxx + e) + a)/sin(
fxx + e)7(3/2), x)
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334  [(a+bsin(e+fx))"(c+dsin(e+fx))" (A + Bsin(e + fx) + C
Optimal. Leaf size=47
Unintegrable ((a + bsin(e + fx))" (A + Bsin(e + fx)+ C sin®(e + fx)) (c +dsin(e + fx))”,x)

[Out] Unintegrable[(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x]) n*x(A + B*Sin[e + f
*x] + CxSinf[e + f*x]72), x]

Rubi [A] time = 0.118066, antiderivative size = 0, normalized size of antiderivative =

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =

0., Rules used = {}

integrand size

f(a + bsin(e + fx))"(c + dsin(e + fx))" (A + Bsin(e + fx) + C sin®(e + fx)) dx
Verification is Not applicable to the result.
[In] Int[(a + b*Sinf[e + f*x]) m*x(c + d*Sin[e + f*x]) n*(A + BxSin[e + f*xx] + CxS

inle + fx*x]~2),x]

[Out] Defer[Int][(a + b*Sin[e + f*x]) m*(c + d*Sin[e + f*x]) n*x(A + B*Sin[e + f*x
] + CxSinl[e + f*x]~2), x]

Rubi steps

f(a + bsin(e + fx))"(c + dsin(e + fx))" (A + Bsin(e + fx)+ C sin®(e + fx)) dx = f(a + bsin(e + fx))"(c + dsin(e -

Mathematica [A] time = 48.4475, size = 0, normalized size = 0.

f(a + bsin(e + fx))"(c + dsin(e + fx))" (A + Bsin(e + fx) + C sin®(e + fx)) dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Sin[e + f*x]) m*x(c + d*Sin[e + f*x]) nx(A + BxSin[e + fx*x]
+ CxSinl[e + f*x]~2),x]

[Out] Integrate[(a + b*Sin[e + f*x]) m*x(c + d*Sin[e + f*x]) n*x(A + B*Sin[e + fx*x]
+ CxSinle + f*x]72), x]

Maple [A] time = 0.619, size = 0, normalized size = 0.

f(a+bsin(fx+e))m (c+dsin(fx+e))n (A+Bsin(fx+e) +C(sin(fx+e))2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*sin(f*x+e)) m* (c+d*sin(f*x+e)) "n*x (A+Bxsin(f*x+e)+C*sin(f*x+e)~2),x

)
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[Out] int((a+b*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n*x(A+Bxsin(f*x+e)+Cxsin(f*x+e)”2) ,x

)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (—(C cos (fx + e)2 - Bsin (fx + e) -A- C)(b sin (fx + e) + a)m(d sin (fx + e) + c)n,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e)) m*(c+td*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="fricas")

[Out] integral(-(Cxcos(f*x + e)”2 - Bxsin(f*x + e) - A - C)*(bxsin(f*x + e) + a)~
m* (d*sin(f*x + e) + ¢)’n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))**m*(c+d*sin(f*x+e))**n* (A+B*xsin(f*x+e)+Cxsin(f*x
+e)**2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e)) m*(c+d*sin(f*x+e)) "n* (A+Bxsin(f*x+e)+Cxsin(f*x+e
)~2),x, algorithm="giac")

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then
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print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True




44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90

100
101

167

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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